Down-up walks and spectral independence
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In this lecture, we will discuss some basic knowledge about down-up walks [ALOV19] and
spectral independence [ALO20]. The spectral independence is a new technique for analyzing the
mixing time of Glauber dynamics and, more generally, down-up walks. We cannot cover all the
details in this lecture, but one can refer to the resources on the course webpage for more details.

1 Glauber dynamics and down-up walks

Let 7 be a distribution over [¢]"" with support Q C [¢]Y. We can think 7 as the uniform
distribution over proper g-colorings of a graph G = (V, E). In each step, given the current state
X € Q, the Glauber dynamics picks a vertex v € V uniformly at random and resamples X, from
the conditional marginal distribution o V=" where the notation V=" means (- | Xv_y),
which is the marginal distribution on v conditional on Xy _,. We use P € Q2 x ) — R to
denote the transition matrix of Glauber dynamics. One transition of Glauber dynamics can be
decomposed into the following down-walk step and up-walk step. Let X € € denote the current
state.

e Down-walk step: Pick a vertex v € V uniformly at random and remove the value of X,
to obtain a partial configuration Xy _,. Formally, define the set of partial configurations

Qn_lz{ae[q]s\SQV/\]S|:TL—1/\7T5(J)>O},

where mg denote the marginal distribution on S projected from 7. Here, mg(o) > 0 means
o can be extended to a valid full configuration in 2. In £2,,_1, we use the index n — 1 to
emphasize the size of the partial configuration is n — 1. Also define

Q, = Q.

The down walk transition matrix D : Q, x Q,_1 — R is defined by for any o € €2,,, any
T € Q,_1 such that 7 is a partial configuration on S C V,

1 e —
D(o,r)= ifog =,
0 otherwise.

e Up-walk step: In the up-walk steps, we go from €2, 1 back to ©,. Given a partial

configuration 7 € [¢]® such that 7 € Q,_1, we can uniquely identify the missing vertex

v =V — 5 and obtain a random o € Q,, such that og = 7 and o, ~ 7. Formally, the

transition matrix U : 2,1 x €,, = R>( can be written as

U(r,o) =
0 OtherWiSe.

Now, the transition matrix P can be written as

P =DU.



Next, we let m, = m and m,_1 = 7, D. Intuitively, to draw a random sample X ~ 7,_1, one
can first sample X ~ 7w and drop the value at a uniform random index v € V. By definition, it
is easy to verify that m,_1U = m, = 7, so that 7P = .

By decomposing P as a pair of down-walk and up-walk, we can proved some property of
the transition matrix P. Let (f, g)x, = > _,cq, Tn(7)f(z)g(z) be the weighted inner product
defined over Q. Similarly, let (f', ¢')x, 1 = > ,cq. , T-1(7)f (7)g' () be the weighted inner
product defined over €,,_1. The following observation holds.

Observation 1.1 ([AL20]). D and U is a pair of adjoint operators such that
Vf R, g R (f, Dg)r, = (U S, g)m, -

Proof. We can compute

D) = 3 ma(@) ) 3 Dio)glm) = = 3 malo) @) glov-)

OETy T€Qn_1 n o€Q, veV
— Y milov-)n (@) ) glov )
veV o€y,
= > ma(me(r) Y Ulro)f(o)
TEQn_1 oeQn
= <vag>7rn_1' M

Glauber dynamics transition matrix is PSD With this observation, we can quickly prove
the transition matrix P of Glauber dynamics is PSD. For any h € R®%", we have

(h, Phyr, = (h, DUh)r, = (Uh,Uh),, , > 0.
Let h be the eigenvector corresponding to the minimum eigenvalue Ay, of P. It holds that
(hy Phyr, = Amin - (h,h)z, >0 = Apin >0,

where the implication holds because (h, h), > 0.

Alternative proof: spectral gap implies mixing We now reprove the fact that the spectral
gap implies mixing time for Glauber dynamics using the decomposition of down-up walks. Let
f :R>0 — R be a convex function such that f(1) = 0. Let m and p be two distributions over
Q such that p is absolutely continuous with respect to 7 (denoted by p < ), which means
m(x) =0 = p(xz) = 0. Define their f-divergence by

Dyt =B [1 ()] -1 (2 [£]) =3 1 (2)] - 0= B [ (2)]

™ ™ ™ ™

The f-divergence can be viewed as a “distance” between two distributions. For example, if
we set f(z) = 3|z — 1|, then Dy(u||m) = drv (p, ) is the total variation distance. If we set
f(z) = (x—1)?, then Dy is known as y?-divergence. If we set f(z) = zInx, then Dy is known as

the relative entropy or KL-divergence. We need the following well-known fact about f-divergence.

Lemma 1.2 (data processing inequality). Let P be an arbitrary transition matriz from S to
some space . For any two distributions 1, po over 0 such that py < s, it holds that

Dy (1Pl paP) < Dy(pa|[p2)-



The data processing inequality follows from the convexity of f. The proof can be found in
many textbooks such as [PW25].

We also need to use the following property of down-up walks. For two functions (vectors)
f,g, we use g to denote the function (vector) such that g(x) = @)

9(z)
Lemma 1.3. Note that 7, = 7. For any distribution p over £y, % =UL.

Proof. For any z € Q,,_1 such that 2 € [¢]°, on the one hand,

uD
D

(z) = Zyeﬂn:ys=w ply)/n _ ps(z)
> yenys=s TW)/n ms(z)

One the other hand, let v =V — 5,

v = Y Y =

T
" YyEQnys=1z (y

~—

m(y) uly)  ps(x)
2 @y " @) -
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Now, let us focus on the x2-divergence, which is closely related to the spectral gap. Let 7 be
the stationary distribution of Glauber dynamics. Let pg be an arbitrary initial distribution. Let
pie = pioP* be the distribution after ¢ steps. We show that D, 2 (yu||7) decays exponentially with
t. Define the function hy = &1 Note that Ex [h] = 1 and D,z (u||7) = Vary [h]. Then

DXQ(MH-lHTr) = Dx2(:U’tPH7TP) = DXQ(NtDUHﬂ—DU) < Dx2(MtD||7TD)7

where the last inequality holds from the data processing inequality. We want to compare
D, (pg41]|7) to Dy2(pe]|m). The above inequality shows that it suffices to compare D, 2 (u D7 D)

to Dya(p]|w). Note that D o(uw) = Vary, [h] and D,2(uD|xD) = Vary, [“tD] -

T D

Var,, [U 7‘:—;], where the last equation holds from Lemma 1.2 Then, we have

Dy (gullm) = Dys (s %) > Dy (ull7) — Dya(gu D)
= Var,, [h] — Var,, , [Uhi]
(by Er, [le] = Er,_, [Uhe]=1) = (ht, i)z, — (Uht, Uh)r,_,
(by Observation 1.1 ) = (hy, hy)r, — (hey DUN) 1,
= (he, (I — P)ht>
> yVary, [h] = 7Dys(pum).

where v = inf fovar, [f]>0 %ﬁf[}] is the spectral gap. Rearranging the inequality, we have

Dy (pra|[m) < (1 =) Dy2 (] 70).

Hence, the x* divergence decays exponentially with rate (1 — ). We have D,z (ull7) <
(1 —)'D,2(po||7). The maximum y2-divergence between 4 and 7 is achieved when po(z) = 1
such that 7(x) = myin. Hence, D, (pf|m) < (1 — fy)t(ﬁ)?

Exercise 1.4. Find a relation between y2-divergence and total variation distance and use it to
bound the mixing time of Glauber dynamics.

'The definition means h;(z) = *;:%) for all z € Q



2 Multi-level down-up walks

We give a generalized version of down-up walks. Let m = 7, be a distribution over (2 = Q,, C [q]V,
where |V| = n. We have defined 2,,_; in previous section. We can generalize this to any k& < n.
For any 0 < k < n, define € as follows

Q={oelg®:SCVAIS|=EkAns(c) >0},

which contains all feasible partial configurations of size k. We can define the down-walk between
every two adjacent levels. Define the k — (k — 1) down-walk Dj_,(,_1) as follows. Given a state
X € O, say X € [q]° for some S C V with |S| = k, one step of the chain does as follows:

e pick a vertex v € S uniformly at random;
e remove the configuration of X on v to obtain Xg_, € Q1.

For any two levels £ > k, we can define the down-walk Dy_,; such that
Dy = Dyo—1yDe—1)=—2) - - - D 1)— k-
The distribution 7 can also be generalized to every level k such that
T = TpDp—sk.

Similarly, we can define the up-walk from € to Q41 as follows. Given a state X € ) where
X € [q]®, one step of the chain does as follows:

e pick a vertex v € V — S uniformly at random;

e sample X, from the distribution 77X and then extend the configuration X further at the
position v to obtain a new configuration X € Q1.

Alternatively, the up-walk can be interpreted as follows. We say X € [¢]° is a sub-configuration of
Y € [¢]% if S C 5. Given a state X € Q, one step of the chain moves X to a new configuration
o € Q1 with probability

Upsk1)(X,0) = Pry o, [Y = 0 | X is a sub-configuration of Y]

x 1[X is a sub-configuration of o] - mx41(0).
Again, for different levels £ < k, we can define the up-walk Uy_,; by

Ut = Uy Uer = e42) - - U= 1)k

3 Spectral independence

We are ready to give the definition of spectral independence, a powerful tool to analyze the mixing
time of Glauber dynamics. The Glauber dynamics for 7 is the down-up walk D,,_,(,,_1)U—1)—n
between levels n and n — 1. To prove the mixing of Glauber dynamics, the spectral independence
considers the down-up walk Pl\f n = Dn—1U1—,, between level n and level 1.

Definition 3.1 (SI: down-up-walk-based definition). Let C' > 1 be a constant. A distribution 7
over [q]" is said to be C-spectral independence (C-SI) if the second largest eigenvalue of 1 < n
down-up walk Pl\fn = D,,,1U1_, at most %, where n = |V| denote the size of V.
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There is an equivalent and more popular definition of spectral independence. Consider the
1 <+ n up-down walk P{}n = UinDp_1 over €)1. Note that two matrices AB and BA have the
same eigenvalues except for some zeros. One can verify that Pl\{ n = Dn—1Ui_y, is PSD (using
the same proof as that for Glauber dynamics). The up-down walk P{}n and down-up walk Pl\f n
have the same second largest eigenvalue. Compared to the down-up walk, the up-down walk
P{}n is very simple. Every state in () is a value at a single vertex. We can use a pair (v, ¢) to
denote a state. Hence

Q0 = {ve| my(c) > 0}.
The transition matrix Py, has a simple form such that for any (v, a), (u,b) € Q1,
P\ (va, ub) = %wfj_“(b) - %Prxwﬂ (X, =b| X, =a.
It is easy to verify that Pﬁn is reversible with respect to m; and for any (v,c) € Q,

7y (C) .

m1(ve) =

Lemma 3.2. Show that the Ao of up-down walk P{}n 1s at least %, which is the reason why we
assume C > 1 in the definition of spectral independence.

Proof. Fix a variable v and color ¢ such that 7,(c) € (0,1). Define ¢ such that £ = m,(c). Let
A ={vc}, B={va|a#c}, and C =Q; — A— B. Define f such that for any a € A, f(a) =2

T
for any b € B, f(b) = —1%;, and for any ¢ € C, f(c) = 0. We can verify that

By, [f] = m(c) f(a) + ——Lf(b) = 0.

n

Note that the up-down walk cannot make transitions between A and B. Hence, to compute
the Dirichlet form, we only need to consider transitions between A anc C' and transitions between
B and C. We have

n? n?
E(f, f) = Zm(a) ZPﬁn(a, c)t—2 + Zm(b) ZP{?n(b, c)(1 P

a€A ceC beB ceC

t 1\n® 1—t 1\ n?
SR P R S (I L
n n/) t? n n) (1—1t)?2

In the first equation, we only enumerate a € A and ¢ € C to sum over all possible transitions
from A to C. We ignore transitions from C to A due to the reversibility property of P{jn (also,

we remove the factor %) The same argument applies to transitions from B to C. A simple

calculation shows that

tn? 1—t n? n n
olm =t e i

Hence, the spectral gap of P{jn satisfies

E(h, h)
hihley1 (hyh)r,

L) 1 .

{f, n

<



In the last lecture, we show that any reversible Markov chain P admits a spectral decompo-
sition P = ZZ )\iviv;fD, where \; is the eigenvalue, v; is the eigenvector and D is the diagonal
matrix generated by the stationary distribution. We can apply this result to the up-down walk.
Note that Ay = 1 and v;1 = 1. We can remove the term contributed by the top eigenvalue to
obtain

A=P], - 117diag(m) &  A(va,ub) = — (707%b) — mu (b)),

AR

which motivates the following definition of influence matrix ¥ : 0y x €3 — R such that
U, (va, ub) = 7w "%(b) — my (D).

The definition of the influence matrix is very intuitive. The difference 7 %(b) — m,(b) can be
viewed as the influence on u taking the value b from the event that v taking the value a. The

following definition of spectral independence is well-known.

Definition 3.3 (SI: influence-matrix-based definition). Let C' > 1 be a constant. A distribution
7 is said to be C-SI if the largest eigenvalue of influence matrix ¥, is at most C.

The above definition of spectral independence was discovered in [CGSVQI]. However, the
notion of spectral independence was first introduced in [ALO20] for Boolean distributions (¢ =
2). The definition of influence matrix in [ALO20] is different from the definition here and the
definition only works for Boolean distributions.

3.1 Spectral independence implies rapid mixing

We show the spectral independence implies the mixing of down-up walks. Then, we add a minor
additional assumption to prove the mixing of Glauber dynamics.
Let k > 1. Define the k-block dynamics as the n <+ (n — k) down-up walks such that

PkB = P?ank = Dn—)(n—k) U(n—k)—m'

In words, at every step, given X € €2, P,fg samples a subset S C V with |S| = k uniformly at

random, and then resamples Xg from the conditional distribution ﬂg(v_s .

Observation 3.4. The Glauber dynamics is 1-block dynamics.

To introduce the mixing result for general k-block dynamics, we first introduce the notation
of conditional distributions. Let A C V be a subset of variables. Let o € [¢]* be a feasible partial
configuration on A. We use 7{;_, to denote the marginal distribution on V' — A conditional on
o. For example, in graph coloring, given the partial coloring o, for any vertex v € V. — A, v can
only take colors in a list L = [¢] — {ow | u € A is a neighbor of v}.

Theorem 3.5. Let C > 1 be a constant. Let £ > C. Let 7 be a distribution over [q]V with
|V| = n. If for any feasible partial configuration o € [q])V™° where S C V and |S| > £, the
conditional distribution w% is C-SI, then the spectral gap of £-block dynamics is at least

" C " C N\ ¢
11 (-5)=ee (- 3 5)~ ()
i=0+1 1=0+1

Remark 3.6. For a conditional distribution 7{,_, with |V — A| = k, Definition 3.1 holds for
my,_, means the second largest eigenvalue of k <+ 1 down-up walk transition matrix at most %,
which is equivalent to Definition 3.3 such that /\max(‘llﬁg_l\) <C.
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Remark 3.7. The above theorem requires that the spectral independence holds not only
for m but also for all conditional distributions induced by w. In many papers, the spectral
independence is also directed defined as Definition 3.1 and Definition 3.3 hold for 7 and all
conditional distributions induced by .

Proof. For any f:Q — R, let &(f, f) denote the Dirichlet form for PP. For any subset A, let
QA denote the set of all feasible configurations on A and let A=V — A. By definition,

E4(F ) = 5 3 wlo) 3 PP () (@) — F0)?

€ yeQ
1
=omy 2 2 Tl D mBls)mEs)(f@) ~ )
B ScviSi=k  o€Qse ws€lq)S ysela)®
Sc=Tgc=0

Note that Var, [f] = %Exy pw(z)p(y)(f(z) — f(y))? for any distribution u. Let Q% denote the
support of g. Let f7 denote a function from Q% to R such that for any 7 € QF, f7(1) = f(70),
where 70 is a full configuration obtained by concatenating 7 and o. Let (Z) denote all subsets
A C V such that |A| = k. Let S ~ (z) denote a uniform random element in (Z) Then

E(f, £) = By (v [Bomnge [Varsg [71]].

C

"

Our starting point is Definition 3.1, which shows that PP | for m has spectral gap 1 —
C _1
Varﬂ [f] < <1 — n) ESN(,L‘:l) [EgNﬂ—SC [Varﬂ_g [fo']]] .

Next, we apply Definition 3.1 for conditional distribution 7g on the inner variance term. Since
g is a joint distribution over n — 1 variables in S, we have

Var,g [/7] < (1 _ ¢ >_1ETN( ) [EW@_T [Varg: | fﬁ]ﬂ .

n—1 n—2

Combining the two inequalities, we have

vare(1< (1= 9) 7 (12 095) B Bomns [Var 7]

n n — n—2

Repeating this process until the size of S becomes ¢, we have

n -1
Var, [f] < ] <1—C,> By (1) [Eons. [Varsg [17]]]. )

i ¢
i=0+1
This proves the theorem. ]

To prove the mixing of Glauber dynamics, we cannot simply set £ = 1 regardless of C. This
is because 1 — % can be negative if ¢ < C'. However, we can further assume that for any wg,
where 0 € S¢ and |S| = k, the largest eigenvalue of the influence matrix ¥ for 7g is at most kn
for some constant n < 1, or equivalently, the second largest eigenvalue of the k <+ 1 down-up
walk is at most 1 < 1. Then, we can keep doing the proof until £ = 1.

The above proof only shows a (large) polynomial mixing time of Glauber dynamics. For
graphical models (e.g. graph coloring), where the underlying graph has bounded degree,
see [CLV21] for a proof of O(nlogn) optimal mixing from the spectral independence. Also,
see [AJKT21, CFYZ21, CFYZ22, CE22] for the optimal mixing for certain graphical models on

general graphs with unbounded degree.



3.2 Establish spectral independence from total influence

To verify the spectral independence condition, Definition 3.3 requires us to compute the max
eigenvalue of the influence matrix. This is usually not easy. Instead, we can bound the total
influence, which is the sum of influences.

Amax(¥) < ¥l = max > " [¥(va, ub)|.
ub

Sometimes, it is easier to work with the following n by n influence matrix ¥’ : V' x V — R. For
any two variables v,u € V', define the influence from u to v by

véa _v<b
u Ty ) :

U (v,u) = max drv <7r

a,

To upper bound the top eigenvalue of ¥, the task can be reduced to upper bound the total
influence of ¥ such that

/ _ /
19|00 —mthZI‘I’ (v, u)|.
u

For graph g-coloring on graph G, one can obtain a constant the total influence bound if
e G has constant degree and g > 1.809A [CV24];

e G is triangle-free and ¢ > 1.763A [FGYZ21, CGSV21];

e G has constant degree and constant large girth, and ¢ > A + 3 [CLMM23].

The spectral independence shows O(n logn) mixing time in bounded degree graphs [CLV21].
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