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Glauber dynamics on distribution y over Q € {0,1}"

 Pick a variable v € V uniformly at random

\- Resample X,, from u conditional on X, _,,

Start from an arbitrary configuration X € (. In t-th transition step,

Influence Matrix: ¥, (u,v) = u(o, =110, =1) —u(o, =110, = 0)

n-Spectral Independence: for any A € V, and any 7 € {0,1}"

Amax (Lpur) < n

Theorem [Anari, Liu, Oveis Gharan 2020]
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Glauber dynamics and down up walk

-

Glauber Update

~
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e pick onevertex v € V u.a.r
« Remove the value at v

Down Walk D,,_,,,_;
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Down-Walk
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* Xv ~ :uv('l XV—v)
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Up-Walk

J
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« Resample the value at “white” variable

UpWalk U,,_;_,



Glauber dynamics and block dynamics

Glauber dynamics: update one variable in each step

Block dynamics: update k variables in each step

T = =T

« pick S € V with |S| = k u.a.r. « Resample the value at “white” variables
« Remove all the values at S * X5~ ps(l Xy—_s)

Down Walk D,,_,,,_; Up Walk U,,_;_,,,



An extremal case of block dynamics

Block dynamics: P = D,,_,,U,_,,
* Pickn — 1 vertices S € V uniformly at random and letu =V — S

« Resample X from y conditional on X,

D D

Lemma : A,(D,,,U;_,) = % Amax(‘Pﬂ)



Form down-up to up-down walk

Fact: A,(D,,,,U;-,,) = A,(U;5,,D,,.,;)  Whatis the random walk U, _,,,D,,_,?

> >

Up Walk U, _,,, Down Walk D,,_,,

Up-Down Walk: each state is a pair (u,c) € V x {0,1}
* Pick a vertex v € V uniformly at random

« Sample ¢’ from the marginal distribution at v conditional on X;, = c

« Update (u,c) » (v,c")



Un—>1D1—>n

(1,€) ~=-f=mmm ZPr[X, = ¢ | Xy = ]

Stationary distribution of the up-down walk: uD,_,,

For every pair (u, ¢), Stationary(u,c) = %Pr[Xu = ]
U
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Dirichlet form of Glauber dynamics can be written as

Eur(F. ) =1 ) B lVan,(f | X-0)

Dirichlet form of block dynamics (update k variables) can be written as

) = 7 50 Van(f | Xno)

Spectral independence implies spectral gap of the down-up walk D,,_,, U, ,,,:

Var, () < (1-2) " &na(h.)



Spectral gap of the down-up walk D,,_,, U, _,,:

-1

Var, () < (1-7)  Ena (o)

By the definition of Dirichlet form

Var, (f) < 1—£ )lel . E, [Var,(f | Xins)]

Apply spectral independence agaifi for u condition on Xys.
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m: n — 1 free variables in S

down-up walk on

[ level n — 1 S
N var, (/) < (1-—) oy D Va7 1 X))

[ level 1 J




Spectral gap of the down-up walk D,,_,, U, _,,:

-1

Var, () < (1-7)  Ena (o)

By the definition of Dirichlet form

Var, (f) < (1—— )lel . E, [Var,(f | Xins)]

n

Apply spectral independence again for u condition on Xys.

\ J
|

m: n — 1 free variables in S

-1

Var, (f) < (1—3) (1- i )_1( i )zm:n 2 o Var, (f | Xy_g)]




Spectral gap of the down-up walk D,,_,, U, _,,:

-1

Var, () < (1-7)  Ena (o)

By the definition of Dirichlet form

Var, (f) < (1—— )lel . E, [Var,(f | Xins)]

n

Repeating this process until the size of S becomes 1
-1

van <[ [ (1-7) 7Y Elvan(1x.)]

=2

Approximate tensorization of variance <=m=) Spectral gap of Glauber dynamics



Repeating this process until the size of S becomes 1 < # <n

Var,(f) = 1_[" (1 — g)_l(_i)zm—f E, [Van,(f | Xy—s)]
. _

1=f+1

Approximate factorization of variance <=mm)  Spectral gap of block dynamics

Lemma: the spectral gap of #-block dynamics updating £ variables is
o(m)
iD= (-3 D= ()
1—=)=exp|— S ==
l_L'=£+1 ( l) P i=f+1 L n

1)0(77)

n

Corollary: the spectral gap of Glauber dynamics (¥ = 1) is (
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Hardcore model

Graph G = (V, E): n-vertex and max degree A;

Fugacity parameter 4 € R,;

Configuration X € {0,1}"
« X, = 0: vertex v is occupied

« X, = 1:vertex v is unoccupied

X € Qif occupied vertices form an independent set

Gibbs distribution u:
VX € Q, w(X) o« w(Xx) = Axlh,

| X |, = number of occupied vertices (X, = 1)

SPSPs
SPSps

AZ
U = >
1+4414+ 41



Hardcore model

Graph G = (V, E): n-vertex and max degree A;
Fugacity parameter 1 € R,;
Configuration X € {0,1}"
« X, = 0: vertex v is occupied
« X, = 1:vertex v is unoccupied
X € Qif occupied vertices form an independent set

Gibbs distribution u:
VX € Q, w(X) o« w(Xx) = Axlh,

| X |, = number of occupied vertices (X, = 1)

NN N
NN N

Uniqueness Threshold
(A—-1DED ¢
AelB) == NE )

A: maximum degree




Spectral independence of hardcore model

_ 1)(Aa-1)
A<(1-8)1,=1-96) (A(A 1)2)A ‘ 0 (%)-spectral independence

(

Theorem [Anari, Liu, Oveis Gharan 2020]

1
n0(1/%)

If A < (1-6)A,, then the spectral gap if Glauber dynamics is and

the mixing time is 7., (2—16) = n0(1/8)




non-uniqueness regime A > A,
Sampling is intractable [Sly10]

(A —1)A-1)
(A—2)4

./uniqueness regime with gap &
A< (1=8)A,

Ac (D) =

A

Problem : fixed parameter trackable sampling algorithm for hardcore model

Let § > 0 be an arbitrary gap. For any hardcore model with 4 < (1 — §)4,.(A),

can we sample from Gibbs distribution in time C(5) - poly(n) ?
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at uniqueness threshol

(A —1)A-1)
(A—2)4

Ac(D) =

Problem : mixing at the uniqueness threshold.

Can we sample from the Gibbs distribution ¢ in polynomial time when
(A—1)ED
(A—2)4

A=2(8) =




Mixing time of Glauber dynamics when A < (1 —6§)4,

Work

Mixing Time

Technique

Anari, Liu, Oveis Gharan, 2020
improved by Chen, Liu, Vigoda, 2020

nO(l/(S)

Chen, Liu, Vigoda, 2021

A% /&) ogn

Spectral Independence (SI)

Chen, F., Yin, Zhang, 2021

e?(1/9n2 logn

SI & Field Dynamics




Mixing time of Glauber dynamics when A < (1 —6§)4,

Work

Mixing Time

Technique

Anari, Liu, Oveis Gharan, 2020
improved by Chen, Liu, Vigoda, 2020

20(1/8)

Chen, Liu, Vigoda, 2021

A% /&) ogn

Spectral Independence (SI)

Chen, F., Yin, Zhang, 2021

e?(1/9n2 logn

SI & Field Dynamics

Anari, Jain, Koehler, Pham, Vuong, 2021

e?(1/9)n polylog n time
sampling algorithms

Entropic Independence (EI)
&
Field Dynamics




Mixing time of Glauber dynamics when A < (1 —6§)4,

Technique

Work Mixing Time
Anari, Liu, Oveis Gharan, 2020 0(1/8)
improved by Chen, Liu, Vigoda, 2020
Chen, Liu, Vigoda, 2021 A% /&) ogn

Spectral Independence (SI)

Chen, F., Yin, Zhang, 2021

e?(1/9n2 logn

SI & Field Dynamics

Anari, Jain, Koehler, Pham, Vuong, 2021

e?(1/%n polylog n time
sampling algorithms

Chen, F., Yin, Zhang, 2022

e?/9nlogn
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&
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Mixing time of Glauber dynamics when A < (1 —6§)4,

Work Mixing Time Technique

Anari, Liu, Oveis Gharan, 2020 0(1/6)
improved by Chen, Liu, Vigoda, 2020

Spectral Independence (SI)

Chen, Liu, Vigoda, 2021 A% /&) ogn

Chen, F., Yin, Zhang, 2021 e?(1/9n2 logn SI & Field Dynamics

e?(1/%n polylog n time

Anari, Jain, Koehler, Pham, Vuong, 2021 sampling algorithms Entropic Indeglz)endence (ED)
Field Dynamics
Chen, F., Yin, Zhang, 2022 e?(/9nlogn

Mixing time of Glauber dynamics when A = A, [Chen, Chen, Yin, Zhang, 2025]

poly(n) mixing time proved via Field Dynamics




Mixing time of Glauber dynamics when A < (1 —6§)4,

Work Mixing Time Technique

Anari, Liu, Oveis Gharan, 2020 0(1/6)
improved by Chen, Liu, Vigoda, 2020

Spectral Independence (SI)

Chen, Liu, Vigoda, 2021 A% /&) ogn

Chen, F., Yin, Zhang, 2021 e?/9n?logn SI & Field Dynamics

e?(1/%n polylog n time

Anari, Jain, Koehler, Pham, Vuong, 2021 sampling algorithms Entropic Indeglz)endence (ED)
Field Dynamics
Chen, F., Yin, Zhang, 2022 e?/9nlogn

Mixing time of Glauber dynamics when A = A, [Chen, Chen, Yin, Zhang, 2025]

poly(n) mixing time proved via Field Dynamics




New Markov chain: field dynamics
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Magnetizing joint distribution with local fields

Joint distribution u over {0,1}V,

Hardcore model: u(S) « AIS!

o )2

local fields ¢ = (¢,) ey € RY,

@@ <@ || o

magnetizing

mmmmny (P W

veV:.op=1
A AdeN
¢ bt

X 12,3

Hardcore mode with local fields
,U((p) (S) oc AIS] HveS ¢, = HvES /kbv



Field Dynamics

Input: a distribution u over {0,1}V, a parameter 8 € (0,1)

Start from an arbitrary feasible configuration X € {0,1}V
For each t from 1to T do
* Construct S € V be selecting each v € V independently with probability

(1 ifx, =0
Pv =19 ifx, =1

« Resample X5 ~ (0 * #)5( | XV\S) conditional distribution induced from (0 * u)

Pr[ @ Resample the
Pr[ @ conflguratlon onsS



Field Dynamics

Input: a distribution u over {0,1}V, a parameter 8 € (0,1)

Start from an arbitrary feasible configuration X € {0,1}V
For each t from 1to T do
* Construct S € V be selecting each v € V independently with probability

(1 ifx, =0
Pv =19 ifx, =1

« Resample X5 ~ (0 * ,ll)s( | XV\S) conditional distribution induced from (8 * u)

Proposition (Field Dynamics): for any 8 € (0,1)
The Field Dynamics Prj (@) is irreducible, aperiodic and reversible with respect to u.

Pr5(0) has the unique stationary distribution pu.



Comparison lemma of spectral gap [Chen, Feng, Yin, Zhang, 2021]
For any distribution u over {0,1}V

Aggp (n) = /lgg‘}ld(u, 9) - Ammgap(e * (L), 0,=0forallveV

GD
Amlngap

AN
{ 0 * U } “ { hardvi(i)tll'le él/ll()del } >\ hard regime

1 ‘ 2 uniqueness regime
=15 04 =5 K Ac

(near-critical)
{ Mingap(0 * 1) = 0 (%) [Bubley and Dyer, Path coupling, 1997] J

0 * u).: minimum spectral gap of Glauber dynamics for all conditional distributions induced by @ * L.




Complete spectral independence

Complete Spectral independence [Chen, Feng, Yin, Zhang, 2021]

There are constant n > 0 s.t.
for all local fields ¢ € (0,1]V (forallv eV,0< ¢, < 1),

(¢ = ) is spectrally independent with parameter

spectral independence: spectral radius p(|¥ p«|) <7

Example: hardcore model (G, 1) is completely spectrally independent if

any hardcore models (G, (1,),ey) With 1, < A
are spectrally independent



Complete spectral independence

Complete Spectral independence [Chen, Feng, Yin, Zhang, 2021]

There are constant n > 0 s.t.
for all local fields ¢ € (0,1]V (forallv eV,0< ¢, < 1),

(¢ = ) is spectrally independent with parameter

spectral independence: spectral radius p(|¥ p«|) <7

Theorem [Chen, Feng, Yin, Zhang, 2021]
Hardcore model is completely spectrally independent withn = 0(1/6) it

(A _ 1)(A—1)
D Ga-28

A< (1-8)A(A) = (1-



Comparison lemma of spectral gap [Chen, Feng, Yin, Zhang, 2021]

For any distribution u over {0,1}V

Aggp(u) > Agi;ﬁ,ld(u, g) - A&Ii)ngap(e * 1), 0,=0forallveV

Spectral gap of field dynamics

If u is n-completely spectrally independent, for any 6 € (0,1)

255w, 6) = 6°M)

For hardcore model with A < (1 — §)A,, take 8 = 1/10

1
= 1
26D (1) > 0°5) 1SR gap(@ 1) = 05 (X) W) Ti = 0(n? logn)




uover {0,1}V
integer k > 1

k-transformation

>

J

For each variable u € V do

X~y | If X(1) = 1, then

(

.

u, over {0,1}Vk

Vi ={u,uy, ..., u, | u €V}

\

J

« IfX(u) =0, thenY(y;) = 0foralli € [k];

« Samplej € {1,2,.., k} uniformly at random;

. y(uj) =1and Y(u;) = 0foralli € [k]\{};

3-transformation
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) (- )

.. C : Transformed distribution
Original distribution k-transformation w, over {0,1}Vk
wover {0,1}" >
) L Vie = {uy, uy, ..., up lu €V} )
inverse

X = inverse(Y) is uniquely fixed by Y
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@-fractional block dynamics

Transition step: given configuration X € {0,1}V

« pick S € V with |S| = 8|V| uniformly at random
e resample X¢ ~ us(+| Xy_s)

S| =0|V]

. | > S5 | >




f-fractional block dynamics (Y,)o on y;

Each X; = inverse(Y;)

) () ) e ()

projected process (X;);( (is a Markov chain)

Theorem [Chen, F., Yin, Zhang, 2021]

Field dynamics is the projected process when k —

Ve > 0,3K, s.t. Vk > K,
vo,t € {— +}",|P"P(0,7) — Pﬂim](a, T)| <€



f-fractional block dynamics (Y,)o on y;

Each X; = inverse(Y;)

) () ) e ()

projected process (X;);so (is a Markov chain)

Theorem [Chen, F., Yin, Zhang, 2021]

Field dynamics is the projected process when k — o

Block dynamics spectral gap mmmm) Field dynamics spectral gap



Theorem [Chen, F., Yin, Zhang, 2021]

Field dynamics is the projected process when k — oo

Block dynamics spectral gap ssmm) Field dynamics spectral gap

a )
Using the k-transformation, we can show that
: 1l large k . .
[ u is completely SI ] d : [ spectral independence for distribution ]
L J

Lemma: the spectral gap of #-block dynamics for £ = 6n is

o(m)
> (£> — Qo
n




Boosting Spectral Gap Boosting MLS constant

Field dynamics: Mixing lemma Field dynamics: Mixing lemma

[ Complete Spectral independence ] [ Complete Spectral independence ]

Marginal stability
4 ) ( )
field dynamics approximate field dynamics has approximate
‘ tensorization of variance ‘ tensorization of entropy
\ Y, \_ Y,
Compare spectral gap: Compare modified log-Sobolev constant

mms) (O (n2 log n) mixing bound mmmm) O (nlogn) mixing bound
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Noising and denoising Markov processes
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Trickle-down theorem for field dynamics
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