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Influence Matrix: Ψ𝜇 𝑢, 𝑣 = 𝜇 𝜎𝑣 = 1 𝜎𝑢 = 1 − 𝜇(𝜎𝑣 = 1 ∣ 𝜎𝑢 = 0)

𝜂-Spectral Independence: for any Λ ⊆ 𝑉, and any 𝜏 ∈ 0,1 Λ

𝜆max Ψ𝜇𝜏 ≤ 𝜂

Glauber dynamics on distribution 𝜇 over Ω ⊆ {0,1}𝑉

Start from an arbitrary configuration 𝑋 ∈ Ω. In 𝑡-th transition step,

• Pick a variable 𝑣 ∈ 𝑉 uniformly at random

• Resample 𝑋𝑣 from 𝜇 conditional on 𝑋𝑉−𝑣

Theorem [Anari, Liu, Oveis Gharan 2020]

𝜂- Spectral Independence

1

𝑛𝑂(𝜂) spectral gap of

Glauber dynamics



Glauber dynamics and down up walk

Glauber Update Down-Walk Up-Walk

Down Walk 𝐷𝑛→𝑛−1 Up Walk 𝑈𝑛−1→𝑛

• pick one vertex 𝑣 ∈ 𝑉 u.a.r
• Remove the value at 𝑣

• Resample the value at “white” variable
• 𝑋𝑣 ∼ 𝜇𝑣 ⋅ 𝑋𝑉−𝑣



Glauber dynamics and block dynamics

Glauber dynamics: update one variable in each step

Block dynamics: update 𝒌 variables in each step

• pick 𝑆 ⊆ 𝑉 with 𝑆 = 𝑘 u.a.r.
• Remove all the values at 𝑆

• Resample the value at “white” variables
• 𝑋𝑆 ∼ 𝜇𝑆 ⋅ 𝑋𝑉−𝑆

Down Walk 𝐷𝑛→𝑛−𝑘 Up Walk 𝑈𝑛−𝑘→𝑛



An extremal case of block dynamics

Block dynamics: 𝑃 = 𝐷𝑛→1𝑈1→𝑛

• Pick 𝑛 − 1 vertices 𝑆 ⊆ 𝑉 uniformly at random and let 𝑢 = 𝑉 − 𝑆

• Resample 𝑋𝑆 from 𝜇 conditional on 𝑋𝑢

Lemma : 𝜆2 𝐷𝑛→1𝑈1→𝑛 =
1

𝑛
𝜆max Ψ𝜇



Form down-up to up-down walk

Fact: 𝜆2 𝐷𝑛→1𝑈1→𝑛 = 𝜆2 𝑈1→𝑛𝐷𝑛→1 What is the random walk 𝑈1→𝑛𝐷𝑛→1?

Up Walk 𝑈1→𝑛 Down Walk 𝐷𝑛→1

Up-Down Walk: each state is a pair 𝑢, 𝑐 ∈ 𝑉 × {0,1}

• Pick a vertex 𝑣 ∈ 𝑉 uniformly at random

• Sample 𝑐′ from the marginal distribution at 𝑣 conditional on 𝑋𝑢 = 𝑐

• Update 𝑢, 𝑐 → (𝑣, 𝑐′)



1

𝑛
Pr
𝜇

[𝑋𝑣 = 𝑐′ ∣ 𝑋𝑢 = 𝑐](𝑢, 𝑐)

(𝑣, 𝑐′)

𝑈𝑛→1𝐷1→𝑛

Stationary distribution of the up-down walk: 𝜇𝐷1→𝑛

For every pair (𝑢, 𝑐), Stationary 𝑢, 𝑐 =
1

𝑛
Pr
𝜇

[𝑋𝑢 = 𝑐]



1

𝑛
Pr
𝜇

𝑋𝑣 = 𝑐′ 𝑋𝑢 = 𝑐 −
1

𝑛
Pr
𝜇

𝑋𝑣 = 𝑐′ 𝜆2(𝑈𝑛→1𝐷1→𝑛)(𝑢, 𝑐)

(𝑣, 𝑐′)

𝜆𝑚𝑎𝑥

≈
1

𝑛
Ψ𝜇

𝜆2 𝐷𝑛→1𝑈1→𝑛 = 𝜆2 𝑈1→𝑛𝐷𝑛→1 =
1

𝑛
𝜆max Ψ𝜇



ℰ𝜇,𝑃(𝑓, 𝑓) =
1

|𝑉|
෍

𝑣∈𝑉
𝐄𝜇 [𝐕𝐚𝐫𝜇(𝑓 | 𝑋−𝑣)]

Dirichlet form of Glauber dynamics can be written as

ℰ𝑘(𝑓, 𝑓) =
1
𝑛
𝑘

෍
|𝑆|=𝑘

𝐄𝜇 [𝐕𝐚𝐫𝜇(𝑓 | 𝑋𝑉∖𝑆)]

Dirichlet form of block dynamics (update 𝑘 variables) can be written as

Spectral independence implies spectral gap of the down-up walk 𝐷𝑛→1𝑈1→𝑛: 

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1

ℰ𝑛−1(𝑓, 𝑓)



By the definition of Dirichlet form

Spectral gap of the down-up walk 𝐷𝑛→1𝑈1→𝑛: 

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1

ℰ𝑛−1(𝑓, 𝑓)

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1 1
𝑛

𝑛−1

෍
|𝑆|=𝑛−1

𝐄𝜇 𝐕𝐚𝐫𝜇(𝑓 ∣ 𝑋𝑉∖𝑆)

Apply spectral independence again for 𝜇 condition on 𝑋𝑉\𝑆.

𝜋: 𝑛 − 1 free variables in 𝑆

𝐕𝐚𝐫𝜋(𝑓) ≤ 1 −
𝜂

𝑛 − 1

−1 1
𝑛−1
𝑛−2

෍
|𝑇|=𝑛−2

𝐄𝜋 𝐕𝐚𝐫𝜋(𝑓 ∣ 𝑋𝑆∖𝑇)

down-up walk on 𝜋

level 𝑛 − 1

level 1



Apply spectral independence again for 𝜇 condition on 𝑋𝑉\𝑆.

By the definition of Dirichlet form

Spectral gap of the down-up walk 𝐷𝑛→1𝑈1→𝑛: 

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1

ℰ𝑛−1(𝑓, 𝑓)

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1 1
𝑛

𝑛−1

෍
|𝑆|=𝑛−1

𝐄𝜇 𝐕𝐚𝐫𝜇(𝑓 ∣ 𝑋𝑉∖𝑆)

𝜋: 𝑛 − 1 free variables in 𝑆

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1

1 −
𝜂

𝑛 − 1

−1 1
𝑛

𝑛−2

෍
𝑆 =𝑛−2

𝐄𝜇 𝐕𝐚𝐫𝜇(𝑓 ∣ 𝑋𝑉−𝑆)



Repeating this process until the size of 𝑆 becomes 1

By the definition of Dirichlet form

Spectral gap of the down-up walk 𝐷𝑛→1𝑈1→𝑛: 

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1

ℰ𝑛−1(𝑓, 𝑓)

𝐕𝐚𝐫𝜇(𝑓) ≤ 1 −
𝜂

𝑛

−1 1
𝑛

𝑛−1

෍
|𝑆|=𝑛−1

𝐄𝜇 𝐕𝐚𝐫𝜇(𝑓 ∣ 𝑋𝑉∖𝑆)

𝐕𝐚𝐫𝜇(𝑓) ≤ ෑ
𝑖=2

𝑛

1 −
𝜂

𝑖

−1 1

𝑛
෍

𝑣∈𝑉
𝐄𝜇 𝐕𝐚𝐫𝜇(𝑓 ∣ 𝑋−𝑣)

Approximate tensorization of variance Spectral gap of Glauber dynamics



Lemma: the spectral gap of ℓ-block dynamics updating ℓ variables is

ෑ
𝑖=ℓ+1

𝑛

1 −
𝜂

𝑖
≈ 𝑒𝑥𝑝 − ෍

𝑖=ℓ+1

𝑛 𝜂

𝑖
≈

ℓ

𝑛

𝑂(𝜂)

Corollary: the spectral gap of Glauber dynamics (ℓ = 1) is 
1

𝑛

𝑂(𝜂)

Repeating this process until the size of 𝑆 becomes 1 ≤ ℓ < 𝑛

𝐕𝐚𝐫𝜇(𝑓) ≤ ෑ
𝑖=ℓ+1

𝑛

1 −
𝜂

𝑖

−1 1
𝑛
ℓ

෍
𝑆 =ℓ

𝐄𝜇 𝐕𝐚𝐫𝜇(𝑓 ∣ 𝑋𝑉−𝑆)

Approximate factorization of variance Spectral gap of block dynamics
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Hardcore model

• Graph 𝐺 = (𝑉, 𝐸): 𝑛-vertex and max degree Δ;

• Fugacity parameter 𝜆 ∈ ℝ≥0;

• Configuration 𝑋 ∈ 0,1 𝑉

• 𝑋𝑣 = 0: vertex 𝑣 is occupied

• 𝑋𝑣 = 1: vertex 𝑣 is unoccupied

• 𝑋 ∈ Ω if occupied vertices form an independent set

• Gibbs distribution 𝜇:

∀𝑋 ∈ Ω, 𝜇 𝑋 ∝ 𝑤 𝑋 = 𝜆 𝑋 1 .

𝑋 1= number of occupied vertices (𝑋𝑣 = 1)

1 𝜆 𝜆

𝜆 𝜆 𝜆2

𝜇 =
𝜆2

1 + 4𝜆 + 𝜆2



Hardcore model

• Graph 𝐺 = (𝑉, 𝐸): 𝑛-vertex and max degree Δ;

• Fugacity parameter 𝜆 ∈ ℝ≥0;

• Configuration 𝑋 ∈ 0,1 𝑉

• 𝑋𝑣 = 0: vertex 𝑣 is occupied

• 𝑋𝑣 = 1: vertex 𝑣 is unoccupied

• 𝑋 ∈ Ω if occupied vertices form an independent set

• Gibbs distribution 𝜇:

∀𝑋 ∈ Ω, 𝜇 𝑋 ∝ 𝑤 𝑋 = 𝜆 𝑋 1 .

𝑋 1= number of occupied vertices (𝑋𝑣 = 1)

Uniqueness Threshold

𝜆𝑐 Δ =
Δ − 1 Δ−1

Δ − 2 Δ
≈

𝑒

Δ
Δ: maximum degree



Spectral independence of hardcore model

𝜆 ≤ 1 − 𝛿 𝜆𝑐 = (1 − 𝛿)
Δ − 1 Δ−1

Δ − 2 Δ
𝑂

1

𝛿
-spectral independence

Theorem [Anari, Liu, Oveis Gharan 2020]

If 𝜆 ≤ 1 − 𝛿 𝜆𝑐, then the spectral gap if Glauber dynamics is
1

𝑛𝑂(1/𝛿) and

themixing time is 𝜏mix
1

2𝑒
= 𝑛𝑂 1/𝛿



non-uniqueness regime 𝜆 > 𝜆𝑐

Sampling is intractable [Sly10]

uniqueness regime with gap 𝛿
𝜆 ≤ (1 − 𝛿)𝜆𝑐

𝜆

Δ

𝜆𝑐(Δ) =
Δ − 1 (Δ−1)

Δ − 2 Δ

Problem : fixed parameter trackable sampling algorithm for hardcore model

Let 𝛿 > 0 be an arbitrary gap. For any hardcore model with 𝜆 ≤ 1 − 𝛿 𝜆𝑐(Δ),

can we sample from Gibbs distribution in time 𝐶 𝛿  ⋅ poly(𝑛) ?



𝜆𝑐(Δ) =
Δ − 1 (Δ−1)

Δ − 2 Δ

𝜆

Δ

at uniqueness threshold

Problem : mixing at the uniqueness threshold.

Can we sample from the Gibbs distribution 𝜇 in polynomial time when

𝜆 = 𝜆𝑐(Δ) =
Δ − 1 (Δ−1)

Δ − 2 Δ



Work Mixing Time Technique

Anari, Liu, Oveis Gharan, 2020
improved by Chen, Liu, Vigoda, 2020
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Chen, F., Yin, Zhang, 2021 𝑒𝑂(1/𝛿)𝑛2 log 𝑛 SI & Field Dynamics

Mixing time of Glauber dynamics when 𝝀 ≤ 𝟏 − 𝜹 𝝀𝑪
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poly(𝑛) mixing time proved via Field Dynamics
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New Markov chain: field dynamics



• 场动力系统的定义看起来像是灵光一现。实际上这
个定义的发现背后经历了漫长的思考。这将回答

“你们是如何想到这个定义的？”

• 场动力系统目前有三种不同的理解方式。或者说, 站
在此前的工作的基础上,有三个不同的想法都能把人
们引导至场动力系统。

https://www.ccf.org.cn/Awards/Awards/2025-11-20/853327.shtml

https://www.ccf.org.cn/Awards/Awards/2025-11-20/853327.shtml
https://www.ccf.org.cn/Awards/Awards/2025-11-20/853327.shtml
https://www.ccf.org.cn/Awards/Awards/2025-11-20/853327.shtml
https://www.ccf.org.cn/Awards/Awards/2025-11-20/853327.shtml
https://www.ccf.org.cn/Awards/Awards/2025-11-20/853327.shtml


Magnetizing joint distribution with local fields

Joint distribution 𝜇 over 0,1 𝑉, local fields 𝜙 = 𝜙𝑣 𝑣∈𝑉 ∈ ℝ>0
𝑉

(𝝓 ∗ 𝜇) 𝜎 ∝ 𝜇(𝜎) ෑ

𝑣∈𝑉:𝜎𝑣=1

𝜙𝑣

Hardcore model: 𝜇 𝑆 ∝ 𝜆 𝑆

𝜇 ∝ 𝜆2
magnetizing

Hardcore mode with local fields

𝜇(𝜙) 𝑆 ∝ 𝜆|𝑆| ς𝑣∈𝑆 𝜙𝑣 = ς𝑣∈𝑆 𝜆𝜙𝑣

(𝜙 ∗ 𝜇) ∝ 𝜆2𝜙2𝜙3

1 2

43

1 2

43

𝜆𝜙1 𝜆𝜙2

𝜆𝜙3 𝜆𝜙4

𝜆 𝜆

𝜆 𝜆



Field Dynamics

Input: a distribution 𝜇 over 0,1 𝑉, a parameter 𝜃 ∈ (0,1)

Start from an arbitrary feasible configuration 𝑋 ∈ 0,1 𝑉

For each 𝑡 from 1 to 𝑇 do

• Construct 𝑆 ⊆ 𝑉 be selecting each 𝑣 ∈ 𝑉 independently with probability

𝑝𝑣 = ቊ
1 if 𝑋𝑣 = 0
𝜃 if 𝑋𝑣 = 1

• Resample 𝑋𝑆 ∼ 𝜽 ∗ 𝜇 𝑆 ⋅ 𝑋𝑉\𝑆

𝑆 Resample the
configuration on 𝑆

Pr ∈ 𝑆 = 1
Pr ∈ 𝑆 = 𝜃

conditional distribution induced from (𝜽 ∗ 𝜇)



Field Dynamics

Input: a distribution 𝜇 over 0,1 𝑉, a parameter 𝜃 ∈ (0,1)

Start from an arbitrary feasible configuration 𝑋 ∈ 0,1 𝑉

For each 𝑡 from 1 to 𝑇 do

• Construct 𝑆 ⊆ 𝑉 be selecting each 𝑣 ∈ 𝑉 independently with probability

𝑝𝑣 = ቊ
1 if 𝑋𝑣 = 0
𝜃 if 𝑋𝑣 = 1

• Resample 𝑋𝑆 ∼ 𝜽 ∗ 𝜇 𝑆 ⋅ 𝑋𝑉\𝑆 conditional distribution induced from (𝜽 ∗ 𝜇)

Proposition (Field Dynamics): for any 𝜃 ∈ (0,1)

The Field Dynamics 𝑃𝐹𝐷(𝜃) is irreducible, aperiodic and reversible with respect to 𝜇.

  𝑃𝐹𝐷(𝜃) has the unique stationary distribution 𝜇.



Comparison lemma of spectral gap [Chen, Feng, Yin, Zhang, 2021]

For any distribution 𝜇 over 0,1 𝑉

𝜆gap
𝐺𝐷 𝜇 ≥ 𝜆gap

Field 𝜇, 𝜃 ⋅ 𝜆mingap
GD 𝜽 ∗ 𝜇 , 𝜽𝑣 = 𝜃 for all 𝑣 ∈ 𝑉

𝜆mingap
GD (𝜽 ∗ 𝜇): minimum spectral gap of Glauber dynamics for all conditional distributions induced by 𝜽 ∗ 𝜇.

𝜃 ∗ 𝜇
hardcore model

with 𝜃𝜆

𝜃 =
1

10
𝜃𝜆 =

𝜆

10
≪ 𝜆𝑐

hard regime

uniqueness regime
(near-critical)

Dobrushin regime (sub-critical)

𝜆mingap
GD 𝜽 ∗ 𝜇 = Ω

1

𝑛
[Bubley and Dyer, Path coupling, 1997]



Complete spectral independence

Complete Spectral independence [Chen, Feng, Yin, Zhang, 2021]

There are constant 𝜂 > 0 s.t.

 for all local fields 𝜙 ∈ 0,1 𝑉 (for all 𝑣 ∈ 𝑉, 0 < 𝜙𝑣 ≤ 1),

(𝝓 ∗ 𝜇) is spectrally independent with parameter 𝜂

spectral independence: spectral radius 𝜌 𝛹(𝜙∗𝜇) ≤ 𝜂

Example: hardcore model (𝐺, 𝜆) is completely spectrally independent if

any hardcore models 𝐺, 𝜆𝑣 𝑣∈𝑉 with 𝜆𝑣 ≤ 𝜆

are spectrally independent



Complete spectral independence

Theorem [Chen, Feng, Yin, Zhang, 2021]

Hardcore model is completely spectrally independent with 𝜂 = 𝑂(1/𝛿) if

𝜆 ≤ (1 − 𝛿)𝜆𝑐(Δ) = (1 − 𝛿)
Δ − 1 (Δ−1)

Δ − 2 Δ

Complete Spectral independence [Chen, Feng, Yin, Zhang, 2021]

There are constant 𝜂 > 0 s.t.

 for all local fields 𝜙 ∈ 0,1 𝑉 (for all 𝑣 ∈ 𝑉, 0 < 𝜙𝑣 ≤ 1),

(𝝓 ∗ 𝜇) is spectrally independent with parameter 𝜂

spectral independence: spectral radius 𝜌 𝛹(𝜙∗𝜇) ≤ 𝜂



Comparison lemma of spectral gap [Chen, Feng, Yin, Zhang, 2021]

For any distribution 𝜇 over 0,1 𝑉

𝜆gap
𝐺𝐷 𝜇 ≥ 𝜆gap

Field 𝜇, 𝜃 ⋅ 𝜆mingap
GD 𝜽 ∗ 𝜇 , 𝜽𝑣 = 𝜃 for all 𝑣 ∈ 𝑉

Spectral gap of field dynamics

If 𝜇 is 𝜂-completely spectrally independent, for any 𝜃 ∈ (0,1)

𝜆gap
Field 𝜇, 𝜃 ≥ 𝜃𝑂(𝜂)

For hardcore model with 𝜆 < 1 − 𝛿 𝜆𝑐, take 𝜃 = 1/10

𝜆gap
GD 𝜇 ≥ 𝜃

𝑂
1

𝛿 ⋅ 𝜆mingap
GD 𝜽 ∗ 𝜇 = Ω𝛿

1

𝑛
𝑇𝑚𝑖𝑥 = 𝑂(𝑛2 log 𝑛)



𝜇 over 0,1 𝑉

integer 𝑘 ≥ 1

𝜇𝑘 over 0,1 𝑉𝑘

𝑉𝑘 = {𝑢1, 𝑢2, … , 𝑢𝑘 ∣ 𝑢 ∈ 𝑉}

𝑘-transformation

For each variable 𝑢 ∈ 𝑉 do

• If 𝑋(𝑢) = 0, then 𝑌 𝑢𝑖 = 0 for all 𝑖 ∈ [𝑘];

• If 𝑋 𝑢 = 1, then

• Sample 𝑗 ∈ {1,2, . . , 𝑘} uniformly at random;

• 𝑌 𝑢𝑗 = 1 and 𝑌 𝑢𝑖 = 0 for all 𝑖 ∈ 𝑘 \{𝑗};

𝑋 ∼ 𝜇 𝑌 ∼ 𝜇𝑘

+

- 3-transformation

𝑋 ∼ 𝜇 𝑌 ∼ 𝜇3



Original distribution
𝜇 over 0,1 𝑉

Transformed distribution
𝜇𝑘 over 0,1 𝑉𝑘

𝑉𝑘 = {𝑢1, 𝑢2, … , 𝑢𝑘 ∣ 𝑢 ∈ 𝑉}

𝑘-transformation

𝑋 ∼ 𝜇 𝑌 ∼ 𝜇𝑘

+

- inverse

𝑋 ∼ 𝜇 𝑌 ∼ 𝜇3

inverse
𝒌-transformation

𝑋 = inverse(𝑌) is uniquely fixed by 𝑌



𝜃-fractional block dynamics

Transition step: given configuration 𝑋 ∈ 0,1 𝑉

• pick 𝑆 ⊆ 𝑉 with 𝑆 = 𝜃 𝑉 uniformly at random

• resample 𝑋𝑆 ∼ 𝜇𝑆 ⋅ 𝑋𝑉−𝑆

𝑆
𝑉

𝑆

|𝑆| = 𝜃|𝑉|



𝜽-fractional block dynamics 𝒀𝒕 𝒕≥𝟎 on 𝝁𝒌

𝑌0 𝑌1 𝑌2 𝑌3 𝑌𝑖

Each 𝑋𝑖 = inverse(𝑌𝑖)

𝑋0 𝑋1 𝑋2 𝑋3 𝑋𝑖

projected process 𝑋𝑡 𝑡≥0 (is a Markov chain)

Theorem [Chen, F., Yin, Zhang, 2021]

Field dynamics is the projected process when 𝑘 → ∞

∀𝜖 > 0, ∃𝐾0 s.t. ∀𝑘 ≥ 𝐾0

∀𝜎, 𝜏 ∈ −, + 𝑉 , 𝑃𝐹𝐷 𝜎, 𝜏 − 𝑃𝜇𝑘

Proj
𝜎, 𝜏 ≤ 𝜖



𝜽-fractional block dynamics 𝒀𝒕 𝒕≥𝟎 on 𝝁𝒌

𝑌0 𝑌1 𝑌2 𝑌3 𝑌𝑖

Each 𝑋𝑖 = inverse(𝑌𝑖)

𝑋0 𝑋1 𝑋2 𝑋3 𝑋𝑖

projected process 𝑋𝑡 𝑡≥0 (is a Markov chain)

Theorem [Chen, F., Yin, Zhang, 2021]

Field dynamics is the projected process when 𝑘 → ∞

Block dynamics spectral gap Field dynamics spectral gap



Using the 𝑘-transformation, we can show that

𝜇 is completely SI spectral independence for distribution 𝜇𝑘
all large 𝑘

Theorem [Chen, F., Yin, Zhang, 2021]

Field dynamics is the projected process when 𝑘 → ∞

Block dynamics spectral gap Field dynamics spectral gap

Lemma: the spectral gap of ℓ-block dynamics for ℓ = 𝜃𝑛 is

≥
ℓ

𝑛

𝑂(𝜂)

= 𝜃𝑂(𝜂)



Boosting Spectral Gap

Compare spectral gap:

field dynamics approximate
tensorization of variance

𝜆gap
𝐺𝐷 𝜇 ≥ 𝛼(𝜇, 𝜃) ⋅ 𝜆mingap

GD 𝜽 ∗ 𝜇

𝑂(𝑛2 log 𝑛) mixing bound

Complete Spectral independence

Field dynamics: Mixing lemma

Boosting MLS constant

Field dynamics: Mixing lemma

field dynamics has approximate
tensorization of entropy

Complete Spectral independence
Marginal stability

Compare modified log-Sobolev constant

𝜌mls
𝐺𝐷 𝜇 ≥ 𝛽(𝜇, 𝜃) ⋅ 𝜌minmls

GD 𝜽 ∗ 𝜇

𝑂(𝑛 log 𝑛) mixing bound
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