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Sampling, counting and phase transition

Boolean variables set V, weight function w: {—, +}V - R-g
joint distribution u:

VX = Xp)ver €{—+},  pX) xw(X)

Sampling problem

Draw (approximate) random samples from distribution u
U V,

hard regime

Goal:

Prove optimal mixing results up to the

computational phase transition threshold
poly-time algorithm exists



Example: Hardcore model

« graph G = (V,E), parameters A; ﬁ g m

« Gibbs distribution u:
Vindependentsetl SV,  u(l) o Al

« Equivalent state space of u:
{—,+}” = {occupied, unoccupied}”

Computational phase transition

1< A.(A): poly-time algorithm for sampling[Weitzo6]
* 1> A.(A): no poly-time algorithm unless NP = RP [Sly10]




Glauber dynamics for hardcore model

Start from an arbitrary independent set X;

For each transition step do
e Lazy w.p. %, otherwise do as follows:

 Pick a vertex v uniformly at random,;

- If X,, = — for all neighbors u then

P + w.p. A/(1+ 1)
o l= w.p. 1/(1+ 1)

 ElseX, « —

[ ) [ ] [ ] 1
Mixing time: T, = ' { X¢, S—},
Xing mix )I(I(}gSXI min § t | dTV( t /l) de

dry (Xs, n): the total variation distance between X; and p.
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Open question:
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Can we prove the fast (optimal) mixing for all degrees ?




Mixing time of Glauber dynamics when 4 < (1 — §)A,
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Hardcore model in uniqueness regime
1 ole boosti
If 1is close to 1.(A), e.g., A = 0.9991, (near-critical) oosting

analyzing mixing time is hard

hard regime

uniqueness regime
(near-critical)

o If Ais far-away from 1.(A), e.g., A < 0.1, (sub-critical)

analyzing mixing time is easy

Boosting Theorem

Boosting mixing results from sub-critical regime to near-critical regime
» Boost spectral gap of Glauber dynamics [CFYZ21]
* Boost modified log-Sobolev constant of Glauber dynamics [CFYZ22]

Proved by a new Markov chain: field dynamics




Revisit Chen-Liu-Vigoda’s technique

Simpler task: poly-time sampling algorithm

Input: hardcore model with 4 < (1 — §)4.(A) and A can be unbounded,;
Output: random sample X s.t. dpy (X, p) = —

poly(n)
0-fractional block dynamics Mixing result [CLV21]
Parameter: 6 € (0,1)
Initialization: arbitrary X € {—, +}" Agap = 0 0(1/9)
Update: foreacht =1toT . \O(1/8)
« pickS €V with |[S| = 6nu.a.r,; dry (1, X) < boly(n) i T = (5) nlogn

* X5~ us( -] Xy\s );

Question: how to efficiently simulate the transition step Xg ~ pg( -] X NS )?



Update step Xg ~ ps( -] X NS ): sample from hardcore model (G[S], 1) with boundary condition Xn\s

4 )

_ e
\ QU

Observation [Chen, Liu and Vigoda, 2021]
If(6 =0 (%), hen w.h.p., G[S] is a set of small connected components

&

ey Y

Mixing time Simulation of each step
0 fractional block dynamics brute force on each component
P= A°(1/%) nlogn steps Expected cost = 0(n)

Total expected running time of the algorithm: A°(1/9)n2log n

/1



Natural idea: set 6 = Flo mmmn)  Mixing time T = 2°/9nlogn = 05(nlogn)

- N O 2
O @ -

e
o U J /

0 = 0(1/A) 6 =0(1)

Issue : how to sample from hardcore model (G[S], 1) with boundary condition X\ ?

Foranyv € S,
E|degree of v in G[S]]| ~ 6 degg (v)

The maximum degree of G[S] can be small. _ dege(v)
100

Observation [Chen, F. Yin and Zhang, 2021]




Natural idea: set 6 = Flo mmmn)  Mixing time T = 2°/9nlogn = 05(nlogn)
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0 = 0(1/h) 9 =0(1)

Issue : how to sample from hardcore model (G[S], 1) with boundary condition X\ ?

e
A< A.(Ap) = — If we can show
¢ A(G[S]) « Ag

uniqueness condition in (4,A;) the (G[S], ) is easy to sample from



Case 1: the maximum degree A, of original graph G satisfies A; = 100logn
* By concentration, for any v € S, expected degree < A, /100,
A, 1

Pr|degree of v in G[S] < 10| = 1 10

. 1
* Bound a union bound, w.h.p. (prob > 1 — ﬁ)

In every transition step, the maximum degree of G[S] is at most %

« The hardcore model (G[S], 1) satisfies Dobrushin’s condition

simulate the Glauber dynamics for O (nlogn) steps.

0 = 1/100-fractional block dynamics simulation cost of each step
T = 29(/%) nlogn steps O(nlogn)

Total running time of the algorithm: 2°(1/9n2 log? n



Case 2: A; < 100logn

@Y
k-transformation
U/
u=(G,21) pr = (G, Ax)

* Graph Gg: v € V—> size k clique Cy; {u,v} € E —> connect C, and C;
* Parameter: A, = A/k;

Properties of the k-transformation:

* U is 0(1/9) spectrally independence —> block dynamics on p;, is rapid mixing [CLV21]
« ifk = Q(logn), the max degree of G, is large —> u;, = (Gi, A;) isin Case 1

o ifX ~py,thenX'=f,(X)~u



Case 2: A; < 100logn

@Y
k-transformation
U/
u=(G,21) pr = (G, Ax)

* Graph Gg: v € V—> size k clique Cy; {u,v} € E —> connect C, and C;
* Parameter: A, = A/k;

Properties of the k-transformation:

* U is 0(1/9) spectrally independence —> block dynamics on p;, is rapid mixing [CLV21]
« ifk = Q(logn), the max degree of G, is large —> u;, = (Gi, A;) isin Case 1

o ifX ~py,thenX'=f,(X)~u

. X, = +if3uEC,st X, = + O
.« X, =—ifvueC, X,=— fr —C 8
O




Algorithm for sampling from the hardcore model
Input: graph ¢ = (V,E) and parameter 1 < (1 — §)A,.(4)

> apply k = Q(log n)-transformation to get u;;

> simulate (6 = — )-fractional block dynamics (X;)I_, on y:
100 =L

o T =290/ mnk)?log(nk);
 every transition is simulated by an 0 (nk log(nk))-step Glauber dynamics

» output f,(X1)

(FeXD), _, k — oo Field Dynamics

Apply the mapping f;, on New Markov chain for
every step of block dynamics sampling from u = Hardcore(G, A)



Field Dynamics

Input: hardcore model u = (G, 1), a parameter 6 € (0,1)

Start from an arbitrary feasible configuration X € {—, +}"
For eachtfrom1toT do
Down-Walk ¢ ConstructS € V be selecting each v € V independently with probability

(1 ifx, = -
Pv =10 ifx, =+

Up-Walk * Resample X; ~ T[S( | XV\S ) m: hardcore model (G, 61)

I
—

Resample the
conflguratlon onsS



Field Dynamics

Input: a general distribution u over {—1,+1}", a parameter 8 € (0,1)

Start from an arbitrary feasible configuration X € {—, +}"
For eachtfrom1toT do
* Construct S € V be selecting each v € IV independently with probability

(1 ifX, =-
Pv =10 ifx, =+

. Resample Xg ~ ﬂs( | XV\S)

Vo € {— +}", (o) < u(o) 1_[ o

veV:.op=+

m: distribution u with external field 6



Field Dynamics

Input: a general distribution u over {—1,+1}", a parameter 8 € (0,1)

Start from an arbitrary feasible configuration X € {—, +}"
For eachtfrom1toT do
* Construct S € V be selecting each v € IV independently with probability

(1 ifx, = -
Pv =10 ifx, =+
- Resample X5 ~ ms( | X\ )
Proposition (Field Dynamics): for any 6 € (0,1)

Field dynamics has the unique stationary distribution u.

(irreducible, aperiodic and reversible)



Spectral gap of Glauber dynamics

Mixing lemma
IfA<(1-6)A.(D),toranyd € (0,1)
Gapiera (4, 6) = §°1/9)

Comparison lemma
Forany A > 0, for any 6 € (0,1)

Gapglauber(1) = Gapgelg(4, 0) - Gapglauber(64)

Boosting theorem
IfA<(1-6)A.(D),foranyd € (0,1)
Gapglauber(4d) = §o1/90) . Gapglauber(64)

— ~___

Near-Critical Regime Boosting with cost 0(1) Easy Regime



Spectral gap of Glauber dynamics

=)

Mixing lemma
IfA<(1-6)A.(D),toranyd € (0,1)
Gapiera (4, 6) = §°1/9)

Comparison lemma
Forany A > 0, for any 6 € (0,1)

Gapglauber(1) = Gapgelg(4, 0) - Gapglauber(64)

e

\

1
GapGlauber(H/l) = () (E)
61 €Dobrushin’s regime

~

_/

=)

e

1
GapGlauber(’D = Qg (7;)
Thmix = Os (nz logn)




Boosting spectral gap of Glauber dynamics

4 ) 4 ) 4 ) 4 )
A< (A-98)A, - for all large k - spectral gap of ‘ Boost spectral gap of
uniqueness Uy is ST field dynamics Glauber dynamics
\_ J \_ / \. J \. /

SI: spectral ind. down walk of FD contracts
x*-divergence

Boosting modified log-Sobolev constant of Glauber dynamics

4 ) 4 ) d Ik of 4 )
A< (1-9)A, for all large k OWR Walk 9 Boost MLS of
niquen is EI FD contracts Glauber dynamics

UnIqueness Hic 15 KL-divergence Y

\_ / \_ / \. J

EI: entropic ind.

1
MLSglauber (1) = Qs (;) and Tinix = Os(nlogn)




Summary
Hardcore model in the uniqueness regime

« Optimal spectral gap and 0(n? logn) mixing time
« Optimal modified log-Sobolev constant and 0(nlogn) mixing time
General distributions
* Complete SI —> boost spectral gap
* Complete SI + marginal ratio bound ——> boost MLS constant Thank yOll!

A new Markov chain field dynamics

Open problem
More applications of field dynamics

» Algorithmic applications (e.g., random cluster model [Chen and Zhang 2022])

Extend our technique to general distributions beyond the Boolean domain i.e., g-coloring



