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Abstract

Total variation distance (TV distance) is an important measure for the difference between
two distributions. Recently, there has been progress in approximating the TV distance between
product distributions: a deterministic algorithm for a restricted class of product distributions
(Bhattacharyya, Gayen, Meel, Myrisiotis, Pavan and Vinodchandran 2023) and a randomized
algorithm for general product distributions (Feng, Guo, Jerrum and Wang 2023). We give
a deterministic fully polynomial-time approximation algorithm (FPTAS) for the TV distance
between product distributions. Given two product distributions P and Q over [g]", our algorithm
approximates their TV distance with relative error € in time O(q—z2 log q log #@,Q)).

Our algorithm is built around two key concepts: 1) The likelihood ratio as a distribution,
which captures sufficient information to compute the TV distance. 2) We introduce a metric
between likelihood ratio distributions, called the minimum total variation distance. Our algo-
rithm computes a sparsified likelihood ratio distribution that is close to the original one w.r.t.
the new metric. The approximated TV distance can be computed from the sparsified likelihood
ratio.

Our technique also implies deterministic FPTAS for the TV distance between Markov chains.

1 Introduction

The total variation distance (TV distance), which is also known as the statistical difference, is a
fundamental metric for measuring the difference between two probability distributions. For two
distributions P and Q over the sample space €1, their TV distance is defined by

Ary(F,Q) = 5 3 [F(2) — Q@)

e

The TV distance is essentially the Li-norm of the difference, and can also be characterized as the
discrepancy of the optimal coupling between P and Q [MU17]. The TV distance connects to many
statistical distances including the relative entropy and other well-studied divergences [PW22].
This paper studies the computational problem of TV distance. The problem is particularly
interesting when both P and Q are high-dimensional distributions that admit succinct descriptions.
However, computing (even approximating with additive error) the TV distance is known to be
hard for general distributions. The seminal work of Sahai and Vadhan [SV03] proved that deciding
whether two distributions given by Boolean circuits are “close” or “far-apart” w.r.t. TV distance
is a complete problem in SZK (Statistical Zero Knowledge). SZK-complete problems are often
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believed to be computationally hard [BCH20]. Many works studied the complexity of computing
the TV distance for specific classes of distributions [LP02, CMRO07, Kiel8 BGM™*23]. One of the
simplest situations is when P and Q are both product distributions over the sample space [q]", where
[q] :={1,2,...,q} is a finite domain and n is the dimension. Recently, Bhattacharyya, Gayen, Meel,
Myrisiotis, Pavan and Vinodchandran [BGM™23] proved a surprising result: the exact computing
of the TV distance between two product distributions is #P-complete, even in the Boolean domain
(¢ =2).

The hardness result motivates the study of approximation algorithms for the total variation
distance between two product distributions. The algorithm is required to estimate the TV distance
within € relative error. Previous works mainly focused on randomized approximation algorithms,
which find a good estimation with probability at least 1 — 4. The first polynomial-time randomized
approximation algorithm was given in the preprint version of [BGM™'23], but it only works for a
restricted class of product distributions. Later on, Feng, Guo, Jerrum and Wang [FGJW23] gave a

randomized algorithm for general product distributions. The algorithm runs in time O(qt%2 log %)

All algorithms mentioned above are based on the Monte Carlo method. One natural question
is how to design deterministic approximation algorithms. Very recently, in the conference version'
of [BGM™23], authors strengthened their randomized algorithm into a deterministic one. However,
the algorithm still requires some restrictions on the input distributions, i.e., the domain needs
to be Boolean and Q has a constant number of distinct marginals (e.g., Q can be the uniform
distribution). The major open question is to give a deterministic approximation algorithm that
works for general product distributions. We answered this question affirmatively.

Theorem 1 (TV distance between product distributions) There ezists a deterministic
algorithm such that given two product distributions P,Q over [q]" and ¢ > 0, it oulputs

A satisfying (1—-¢)Ary(P,Q) < A< Aty (P, Q) in time O(g log g log #(IP’Q))'

In the above theorem, both P and Q are described by their marginal distributions and each
1

marginal distribution is given in binary. We remark that the term log A PO in running time is
always a polynomial with respect to the input size. Moreover, our algorithm is faster for product
distributions with larger total variation distances. The approximated TV distance A returned by
our algorithm is always a lower bound of Apy (P, Q).

Our technique can be extended to more general high-dimensional distributions with “limited”
dependency. One example is the distribution of the Markov chain trajectory. Let P be the joint
distribution of a random vector (X1, Xo,...,X,,) € [¢]", where X; follows the initial distribution
Py and each X; is generated based on a Markov kernel P;;_; that specifies the distribution of X;
conditional on X;_;. We call P the distribution of an n-step Markov chain’. Given two n-step

Markov chains P and QQ, we can also approximate their TV distance in polynomial time.

Theorem 2 (TV distance between n-step Markov chains) There exists a deterministic
algorithm such that given two n-step Markov chains P, Q in state space [q] and e > 0, it

outputs A satisfying (1—e) Apy (P, Q) < A< Ary(P,Q) in time O(@ log q log EAT:;W).

We remark that our algorithm estimates the TV distance between the joint distributions of
(X1, Xo,...,X,) and (Y1,Ys,...,Y,) rather than the TV distance between the distributions of X,
and Y,,. The latter is trivial because the marginal distribution of X; (also Y;) can be computed by
simple matrix multiplications. But estimating Apy (P, Q) is non-trivial because the sample space is

1Link to the paper: https://www.cs.toronto.edu/~meel/Papers/ijcai23-bggmpv.pdf
2The Markov chain has the state space [g] as each X; € [g], but P is a distribution over the sample space [q]".
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exponentially large. Our result is related to the problem of comparing two labelled Markov chains.
See Section 1.2 for a detailed discussion.

1.1 Technical Overview

Let P,Q be two distributions over a sample space €2, their total variation distance is well known
to equal the maximal advantage of distinguishing between P and Q. Say a distinguisher is given
a sample x from either P or Q and is asked to guess which distribution z is sampled from. The
distinguisher D can be formalized as a randomized algorithm (or a Markov kernel) from Q to {0, 1}.
The probability that the distinguisher D outputs 0 under hypothesis P (resp. Q) can be written as
Prxp[D(X) — 0] (resp. Prxg[D(X) — 0]). The difference between them is called the advantage.
The maximal advantage equals the total variation distance

Ary(P,Q) = max( Pr [D(X) = 0] = Pr [D(X) = 0]).

and the optimal distinguisher who maximizes the advantage, is the likelihood ratio test

where (g((z)) is called the likelihood ratio. The likelihood ratio % is an important tool in information

theory [PW22]. It is particularly useful when z is sampled from P or from Q.
In this paper, we formally define the likelihood ratio as a distribution, denoted by (P||Q), such

that (P||Q)(r) := PrXNQ[% = r|. In other words, (P||Q) is the distribution of % where X ~ Q.

As we will discussed in Section 3, the likelihood ratio distribution (or “ratio” in short) R = (P||Q)
contains all the “useful” information about (P, Q). For example, Apy(P,Q) = Eg g max(1 — R, 0),
so we can denote the distance by Aty (R). For the task of computing the total variation distance,
it suffices to compute R = (P||Q).

Given two product distributions P = P;Py...P, and Q = Q1Qz2 ... Q,, their ratio (P||Q)

_ PXy,.. X)) 7 Pi(X)  Pu(Xn) _
PO = B ol iz =7 = P [y @k -
Xn~Qn Ry Ry

is the distribution of R1Ry... R, where Ry, ..., R, are independent and R; ~ R; = (IP;||Q;). This
suggests a naive algorithm to compute the total variation distance.

« Compute R; = (P;||Q;) for each i € [n].
o Compute R = Ry “indp R2 “indp * - - Rpn.
o Output Ary(R).

Here Ry -jngp R2 denotes the distribution of RiRy where Ry, Ry are independently sampled from
R1,Rs. The naive algorithm computes the exact value of total variation distance, but has expo-
nential time and space complexity, because the support of R can be exponentially large.

To contain the complexity blow-up, our actual algorithm computes an approximation of R. The
high-level framework of our algorithm looks as follows.

o Compute R; = (P;]|Q;) for each i € [n].
o Compute Ry +jhqp Ro. Then sparsify it as f&;z ~ R “indp Ra.



e Compute Ri:o ‘indp R3. Then sparsify it as Ry3 ~ Ry ‘indp R3.

e Compute Rim_1 ‘indp Rp. Then sparsify it as Ry ~ Ry “indp R
o Output Apy(R;.,) as an approximation of Ay (P, Q).

In our algorithm, the sparsification subroutine plays a central role: a given complicated ratio is
sparsified into a simpler one that is “close to” the given ratio. The closeness is formalized as a new
metric. For the correctness of our algorithm, the metric should satisfy a few properties: i) triangle
inequality, if R ~ R’ and R’ ~ R”, then R ~ R”; ii) if R ~ R, then Ary(R) ~ Ary(R); iii) if
R~ ]R, then R +jhqp R ~R “indp R’. Then correctness is guaranteed as follows:

Ri:i1 & Ry vindp Riv1 = Rui:ip1 vindp Rit2 “indp - R & Rz vindp Rit1 “indp Rit2 indp - " R ;

then by triangle inequality, Ry., ~ Ry ‘indp R2 “indp - - - Ry, = R; therefore Apy(R) ~ ATV(R).

We say two ratios R, R" are close, if there exist distributions P, Q, P, Q' satisfying (P||Q) = R,
(P'||Q") = R’ such that P (resp. Q) is close to P’ (resp Q') with respect to the TV distance. In
such case, Ary(R) (= Apy(P,Q)) must be close to Ay (R’) (= Apy (P, Q’)) due to the triangle
inequality of the TV distance. This inspires us to consider the minimum total variation distance,

Anry (R, R') = B, max(Ary (P, P'), Ay (Q, Q")) .
(P'[|Q")=R’
In Section 3.1, we show that Apyry is a metric between ratios.

In the rest of this overview, we briefly describe how the sparsification subroutine works, and
why the sparsified ratio is close to the original ratio with respect to the minimum total variation
distance.

The sparsification subroutine takes a ratio R as the input. The ratio R can be represented by

a table of entries (r1,p1), (r2,p2),..., each entry (r;,p;) represents R(r;) = p;. If the table has
too many entries, then some of them must be close together. Say (ri,p1),..., (%, px) are very
close together in the sense that rq,...,7, € [a,b), where [a,b) is a sufficiently narrow interval.

W.lo.g., assume [a,b) C [0,1], and the case inside [1,00] is symmetric. The sparsification sub-
routine “merges” these k entries into one entry. The sparsified ratio R is represented by table
(Zze[k] TiPi
Zie[k] pi
the minimum total variation distance Apyrry.
Define two distributions P, Q over sample space 2 = {wg, w1, ws, ...} as

7Zie[k] 01)s Pkt Pit1)s (Tha2, Dis2), - - We claim that R is close to R with respect to

Pwi) = ripi,  Qwi) =pi; Plwo) =1— E [R],  Qwo) =0,

so that (P||Q) = R. Consider distribution P that is the same as P except

P ic[k] T'iPi
P(w;) = r*p; for i € [k], where r* := %
Zie[k] pi

Then R = (P||Q), this also ensures that R is a valid ratio. By definition, Ayry(R,R) < Ay (P, P) <

> iepi Iri — 7| pi- Since r1,..., 7, 7" € [a,b], we have |r; —r*| being small for all i € [k]. Quantita-
tively, say interval [a, ] is sufficiently narrow means =% < 1+e¢. Thus we have |r; —r*| < (1 —r;)

for all i € [k], and the error introduced by merging is bounded by Ay (R, R) < Yier €L —1i)pi.



The actual sparsification subroutine picks a collection of disjointed sufficiently narrow intervals®
[a1,b1), [a2,b2), ..., [am, bm) that jointly cover [0, 1), then merges all the entries that lie in the same
interval. The total error introduced by merging is bounded by

m—1
o> ell=rp < D> e(l—ripi = e B [max(1—R,0)] = Ary(R).

J=1 i s.t. ri€lay,bj] i st r<l

Symmetrically, the error introduced by merging within (1, oo} is also bounded by € Apy(R).

1.2 Related Works and Open Problems

The TV distance between two labelled Markov chains (LMC, a.k.a. hidden Markov chain) has
been studied by previous works [LP02, CMRO7, Kiel8]. It was proved that for LMCs, computing
TV distance within e-additive error, where ¢ > 0 is given in binary, is #P-hard [Kiel8]. The
Markov chains we studied in Theorem 2 is not hidden, which is equivalent (by a polynomial-
time reduction) to the deterministic acyclic LMCs in [Kiel8|. Kiefer [Kiel8, Theorem 10] gave a
randomized algorithm that approximates the TV distance between (not necessarily deterministic)
acyclic LCMs with additive-error e, where the algorithm succeeds with probability at least 1—9 and
the running time is poly(%7 log %, input size). Compared with our result, Kiefer’s algorithm works
for more general distributions but for deterministic acyclic LMCs, our algorithm is deterministic
and achieves stronger relative-error approximation.

Some works [CDKS18, BGMV20] studied the problem of computing TV distances for structured
high-dimensional distributions, e.g. Bayesian networks, Ising models and multivariate Gaussian
distributions. Some randomized approximation algorithms were discovered, but they only achieved
an additive-error approximation. One open problem is to find efficient deterministic approximation
(with additive or relative error) algorithms for those distributions. Our technique relies on a strong
conditional independence property of the distribution. We wonder whether one can relax this
restriction and make our technique work for more general graphical models.

Our technique for approximating the TV distance is different from the previous ones. Previous
randomized algorithms [Kiel8, CDKS18, BGMV20, FGJW23] are all based on the Monte Carlo
method. For the deterministic approximation of the TV distance between two product distributions,
the algorithm in [BGM™23] first reduces the problem to the approximate counting of knapsack
solutions (#Knapsack) and then solves the #Knapsack by existing deterministic approximation
algorithms [GKM10, SVV12]. We introduce a new sparsification technique together with a new
metric called minimum total variation distance, which is of independent interest.

2 Notations

We use [n] to denote the set {1,2,...,n} for any positive integer n. We use 1[A] € {0, 1} to indicate
whether the condition (or event) A holds.

We use oo to denote the infinity point, which is an extended real number. For any a € (0, 00),
let a/0 = 00, a/oo =0 and a < oco.

This paper only considers discrete distributions. Distributions are denoted by calligraphic letters
(e.g., P, Q). A discrete distribution P over a sample space €2 can be defined by its probability mass
function P : Q@ — [0,1]. For each z € €, the value P(x) is the probability that = is sampled
from P. We use Supp(P) to denote the support of P, which refers to {z € Q | P(z) > 0}. Let

3The last interval is not sufficiently narrow because its right endpoint is 1, and has to be analyzed separately.



X ~ P denote that random variable X follows distribution P. For each subset S C (), we use the
conventional notation P(S) to denote the probability that a sampling from P falls in set S. That
is, P(S) = PI‘XH[P[X S S]

For any two distributions P, Q, let PQ (or P x Q) denotes the distribution of (X,Y"), let P-jngp Q
denotes the distribution of X - Y, where X,Y are independent random variables satisfying P, Q
respectively.

A Markov kernel £ from sample space €2 to sample space ' is a function x : Q' x Q — [0, 1],
such that for any = € Q, function y — s(y|x) is a distribution over . For any distribution P
over €0, let kP denote the distribution over Q' that (kP)(y) = >, cqP(2)k(y|z). Their semidirect
product, denoted by Pk or P x &, is a distribution over  x Q' that (Px)(x,y) = P(x)k(y|z).

3 Likelihood Ratio as a Distribution

Given two distributions P, Q over a sample space €2, people call (g(?) the likelihood ratio for x € €.

We introduce a notation for the distribution of the likelihood ratio.

Definition 1 (Ratio). Let P, Q be two discrete distributions over a sample space §2. The likelihood
ratio distribution (or ratio, in short) between P, Q, denoted by (P||Q), is a distribution over [0, c0).

e [BE) _
Bl = Pr 557 =7]

Equivalently, the distribution (P||Q) can be defined as follows: sample random variable X ~ @,
define (P||Q) as the distribution of %. Note that the denominator is always non-zero because X

is sampled from Q. In the paper, we typically denote the ratio distribution by R = (P||Q).
Not every discrete distribution R over [0, c0) is the ratio between some two discrete distributions.
We say R is a valid ratio if there exist two discrete distributions P, Q such that R = (P||Q).

Proposition 2. A discrete distribution R over [0, 00) is a valid ratio if and only if Egr[R] < 1.

Proof. Suppose R = (P||Q), then Egr[R] = ersupp((@) Q(z)% = P(Supp(Q)) < 1.
On the other hand, if Eg_g[R] < 1, define distribution RT over [0, 0o] = [0, 00) U {o0} as

‘R if
RT(T’) — r (T)7 1 re [0700) (1)
1—ERN]R[R], if r = oo.
It is easy to verify that R is a distribution and R = (Rf||R). O

Definition 3 (Canonical Pair). For any valid ratio R, define its alternative ratio, denoted by R,
as the distribution in (1). We call (RT,R) the canonical pair of R.

We can define another natural distribution of likelihood ratio (P||Q)T

— pp [BE) _
BIQ)'() = Pr |55 =7

Its sample space has to be extended to [0, 0], because the denominator can be zero. It is easy to
verify that R = (P||Q) implies Rf = (P||Q)T.

Proposition 4. (P1P2|Q1Q2) = (P1||Q1) “indp (P2||Q2) for any discrete distributions Py, Q1, P2, Q.



Proof. Let (X1,X32) ~ Q1Qy. Define R; := (gl(g{)), then R; ~ (P;||Q;). Since X, X2 are indepen-

dent, R1, Ry are also independent. Define R := R1Ry = %, then R ~ (P1P2||Q1Q2). O

The likelihood ratio is a well-studied concept. Almost all statistical distances and divergences
between P and QQ can be derived from their ratio R = (P||Q). The derivation of the total variation
distance is shown in the following proposition. The cases of other distances and divergences can be
found in most information theory textbooks (e.g. [PW22]).

Proposition 5. Let R = (P||Q), then Ay (P,Q) = Ary(R), where

Ary(R):= E [(1-R)-1[R<1]] = e [max(1 — R,0)].

~

Proof. Ary(P,Q) =Y (@(x) - P(w)) =y Q(x)(l - (g((fc))) - RINER[(l ~“R)-1[R<1]]. O
0@ 3k Q@) SE()

It comes as no surprise how ratio can derive these distances and divergences. In some sense,
ratio R = (P||Q) is a complete characterization of the decision problem between P and Q.

Sufficient Statistic. Say random variable X is sampled from either P or Q. Whether X is sampled
from P or Q is the hidden parameter of the statistical model. Consider a statistic R = x(X)

where k(x) := (g((?) If the hidden parameter is Q, then R ~ R; otherwise, R ~ Rf. That is,

R = kQ, RT = kP. It is well known that R is a sufficient statistic containing all the “useful”
information of X. There exists a Markov kernel x~! who recovers the entire information of
(P, Q) from (R, R), such that Q = k'R, P = £~ 'Rf. So the problem of distinguishing P, Q
is equivalent to the problem of distinguishing R, R.

Equivalent Decision Problems. In decision theory, the equivalence relationship between deci-
sion problems are formalized. Two decision problems (P, Q) and (P, Q') are called equivalent,
if there exist Markov kernels #, s~ such that kP = P/, kQ = Q', s 'P' = P,k 1Q' = Q [LC12].
It is easy to verify that they are equivalent if and only if (P||Q) = (P’'||Q"). If direction: let
R = (P|Q) = (P'||Q’), then both (P,Q) and (P, Q') equivalent to the canonical pair (Rf, R).
Only if direction is ensured by a new metric defined in Section 3.1. Thus R = (P||Q) can
represent the equivalence class where (P, Q) is.

The above discussion inspires us to consider the “data processing” relation. Say decision problem
(P, Q) is stronger than (P’,Q’), denoted by (P,Q) > (P',Q’), if and only if there exists a Markov
kernel x such that P’ = kQ, Q' = xP. This relation is almost an order relation [LC12], satisfying
reflexivity, transitivity and antisymmetry w.r.t. the equivalence relation between decision problems

(P,Q) = (P,Q) A (P,Q) = (P,Q) if and only if (P|Q)= (P'[|Q).
Therefore, it induce an order relation between ratios.

Definition 6. For any two ratios Ry, Ry, we say “R; is stronger than Rs”, denoted by R; > Ro,
or “Ro is weaker than R;”, denoted by Ry < Ry, if there exists distributions P, Q and a Markov
kernel x such that R; = (P||Q) and Ry = (kP||kQ).

It captures the “data processing”: k is the process, kP, kKQ are the post-processing distributions.
Therefore, by the data processing inequality for TV distance, Ry > Ry = Arpy(R;) > Apy(R2).



Proposition 7. For any ratios satisfying Ry > R/, Ry > R5, it holds that Ry -jngp R2 > R “jndp R5.

Proof. There exist distributions Py, Q1, P2, Q2 and Markov kernels k1, ko such that R; = (P;||Q;)
and ]R; = (I{ZPZHI{Z@l) Then Rl'indpRQ = (]P]_PQHQ]_QQ) and Rll-indpRIQ = ((I{lpl)(ﬁgpg)n(Iilpl)(KQ]Pg)).
So it suffices to find a Markov kernel & such that k(P1P2) = (k1P1)(k2P2), £(Q1Q2) = (k1Q1)(k2Q2).
The required Markov kernel is x(a), 25|21, 22) 1= k1 (2] |x1) ka2 (2h]22). O

3.1 Minimum Total Variation Distance

We introduce a metric between (valid) ratios, called the minimum total variation distance.

Definition 8 (MTV Distance). For two valid ratios Ry, Rg, the minimum total variation distance
between them, denoted by Aynry(Ry, Rs), is defined as

Antv(Ry, Re) = max (Ary (P1,P2), Aty (Q1, Q2)).

inf
discrete P1,Q1,P2,Q2
(P1|Q1)=R1
(P2[|Q2)=R2

We define Ayrry as an infimum for safe. We cannot rule out the possibility that the minimum
does not exist, unless the supports of Ry and Ry are finite (Lemma 9).

Lemma 9. When the supports of ratios Ry and Ry are finite,

Anmtv(R1,Re) = max (Ary (P1, Py), Ary(Qr, Q2)).

min
discrete P1,Q1,P2,Q2
(P1|Q1)=R:
(P2]|Q2)=R2

The lemma is proved by enforcing the search space of (P1,Q1, P2, Q2) to be a tuple of distribu-
tions over a fixed finite domain. The proof is deferred to Appendix B.
The minimum total variance distance satisfies the following properties, as proved in Appendix B.

Lemma 10. The minimum total variance distance is a metric.
Lemma 11. For any two valid ratios Ry, Ry, it holds that |Ary(R1) — Apy(Re)| < 2 Ayrv (R, Ra).

Lemma 12. For any valid ratios Ry, Ro, R3, Ry,
AnTv(R1 cindp R2, R3 “indp Ra) < Aprv (Ri, R3) + Apryv (Re, Ry).

A very similar concept called Le Cam’s distance exists in decision theory. Here we present an
equivalent definition restricting on the decision problems that has only two hypotheses.

Definition 13 (Deficiency and Le Cam’s Distance [LC12]). For decision problems (P, Q1), (P2, Q2),
the deficiency of (P1,Qq) with respect to (P2, Q2) is defined as

deﬁciency((Pl, Ql): (]P)Q, QQ)) = inf max (ATv(IﬂZ]Pl, Pg), ATV(HQM Qg)) 5

Markov kernel k
their Le Cam’s distance is max(deficiency((P1, Q1), (P2, Q2)), deficiency ((P2, Q2), (P1,Q1))).

Le Cam’s distance is a pseudo metric between decision problems. It is not hard to show that two
decision problems (P1,Q1), (P2, Q2) have zero Le Cam’s distance if and only if (P1(|Q;) = (P2||Q2).



Therefore, Le Cam’s distance is a metric between ratios. We can similarly define deficiency between
ratios.

deﬁciency(Rl, ]Rg) = inf maX(ATV (Pl, Pg), AT\/(Ql, Qg)) y

1n
discrete P1,Q1,P2,Q2
(P1]|Q1)<Ry
(P2]|Q2)=R2

Le Cam’s distance(Ry,Ry) := max(deficiency(R;, R2), deficiency(Rz2, R1)) .

For any two ratios Ry, Rg, it holds that deficiency(Ry,Ry) = 0 if and only if Ry > Rg, and
Le Cam’s distance(R1,Rg) < Ayrv(Ry, Re).

4 Sparsify the Likelihood Ratio

As discussed in Section 3, the ratio R = (P||Q) completely characterizes the problem of distinguish-
ing P and Q. Once the ratio is known, the distances between P, Q (including the TV distance)
follow easily. The bottleneck is the complexity of computing and representing R. We will store ratio
R as the table of values of its probability mass function, so the space complexity is proportional to
the support size | Supp(R)|. When P, Q are described as product distributions, the size of Supp(R)
can be exponentially large. Our solution is to simplify the ratio R without introducing too much
error. The process of simplification is called the sparsification of the ratio. The amount as error is
measured by MTV distance (Definition 8).

Lemma 14 (Sparsification). There exists a deterministic algorithm Sparsify as defined in (3).
gz’ven a valid ratio R and two error bounds 5,05 > 0 as inputs, it outpuls a sparsified ratio
R < R in time O(Eislogéis + | Supp(R)|), such that | Supp(R)| = O(élog 5—15) and Apyry(R,R) <
%(55 ATV(R) + 55)

The intuition behind the sparsification has been sketched in the technical overview (Section 1.1).
We divide [0, 00] into a collection of disjointed intervals, then “merge” all the probability masses
within one interval together. We formalized this process as SparsifyWrtIntervals (Algorithm 1). The
support size of the sparsified ratio is no more than the number of disjoint intervals we choose. The
running time equals the input ratio support size plus the number of intervals, assuming the ratio
is presented by a sorted table and the intervals is also sorted.

As a warm-up, consider how does the sparsification process work on a single interval. Let
(RT,R) be the canonical pair of R, let I be a sufficiently small interval. The sparsification of R
with respect to an interval I works as follows:

w*, ifrel

R = (kR'||xR) where £ is a deterministic Markov kernel () = _
T, ifre¢l

If Rf(I) = R(I) = 0, the sparsification does nothing and R = R. Otherwise, the sparsified ratio
and its alternative are

R(r), ifré¢l Ri(r), ifre¢l
R(r) =<0, ifrel\{rr} Ri@r) =<0, if eI\ {r*}
R(I), ifr=r* RI(I), ifr=r*
here r* := % Apparently r* € I
w = R pp y .



Algorithm 1: SparsifyWrtIntervals(R, {; }1<t<m)
Input: a ratio R with finite support and a collection of disjoint intervals
Ii,..., I, C[0,00]
1 Let (Rf,R) be the canonical pair of R;
2 Define distributions P*, Q* over Q* = [0,00] — U, It + {w1,...,wm} as

P*(wy) = RT(It), Q"(wy) =R(L) for 1 <t <m;
P*(r) =Ri(r), Q*(r)=R(r) forre[0,00] — U, I

Equivalently, P* = kRf, Q* = kR for deterministic Markov kernel

{wi, if r € I; for some i € [m]
K(r) =

T, otherwise

Output: a sparsified ratio R = (P*||Q*)

To bound AMTV(R,R), consider the following two distributions P, Q

- B R(r), ifTQfI ~ . RT(T)v ifT¢I
@(T)_{RT(T)/T*, if r el IP)(r)_{IR(r)'T*? ifrel

They satisfy R = (P||R) = (Rf||Q). Therefore,

Antv(R,R) < Apy (P, RT) = Z‘R -t —RI(r ‘ ZR )t =7,
rel TEI
1
T( - == f 1
Anrv(R,R) < Apy(Q,R) = ;’R r)/r* >’_2§R(T) L.

We should use the tighter one to bound Ayv (R, R).

Intuitively, Q is obtained by modifying R at points r» € I; P is obtained by modifying R
at points r € I. If the interval I C [0,1], then Rf(r) < R(r) for all 7 € I, thus modifying Rf
introduces less error, in other words, Ay (P, RY) is a tighter bound of Aypy (R, R). Symmetrically,
if the interval I C [1,00], Ary(Q,R) is a tighter bound. This intuitive argument can be formalized
by:

Ary(Q,R) = ZRT A -1 = ZR — =7 = —*-ATV(P,RT).
reI TGI

Consider the case I C [0,1], let a,b be the endpoints of I, so a < b < 1. Then ATV(fP’,RT) can
be upper bounded by one of the two following arguments:

o If |r* —r| <es(1—r) for all r € I, then

Ary(P,RN) = ZR Ir* —r|<fesZ]R (1—7)
re[ rel

By its similarity with Ay (R) =), ., R(r)(1 — ), even if we sparsify the ratio with respect
to many disjointed intervals, the total error is bounded by %as Ary(R).

To ensure |r* —r| < gg(1—r) for all » € I, the two endpoints should satisfy (b—a) < e5(1—b).
Note that this cannot be satisfied if b = 1.

10



o If |r* —r| <4 for all r € I, then
Os

Ary(P,RY) = ZR = < 2 ZR b <5

rEI rEI

To ensure |r* —r| < J; for all r € I, the two endpoints should satisfy b —a < Js.

Based on the above observations, we choose the following partition of [0, co], which is a collection
of disjoint intervals

Io, I,y ooy L1y I {1}, Ty Ji—1, -+ -5 J1, Jo,
in that order.
o Let I := [as,azy1) for every t < m, where a; := 1 — (1 +¢&5)t. Thus a1 — ar < (1 — ags1).

o Let I, :=[am, 1) and let
I log(és)
|l 2

L L] for t < m and let J,, (1,%].

at+1’ ag

Putting the above intervals into SparsifyWrtIntervals (Algorithm 1) gives the Sparsify algorithm
used in Lemma 14.

Thus 1 — a,, < ds.

Symmetrically, let J; := (

Sparsify(R, g, 0s) = SparsifyWrtIntervals(R, {Io, I1, ..., Im—1, Im, {1}, I, J—1,-- - J1, Jo}).  (3)

4.1 Proof of the Sparsification Lemma

This section proves the sparsification lemma (Lemma 14). The sparsified ratio R = (kRT||xR) for
K defined in Algorithm 1, thus R < R. The support size of the sparsified ratio is no more than
the number of intervals, which is O(é log 5—18) The running time is proportional to the number of
intervals and the support size of the input ratio, which is O(é log 5—15 + | Supp(R)|). The rest of the
section forces on bounding the error with respect to the minimum total variation distance.

For each i € [m], define r} € I; as

R (I;) ,
= R(;) ifR(L) #0

any number in I;, if R(J;) =0

Note that R(I;) = 0 implies R(7;) = 0. Symmetrically, define r:* € J; as
RY(:)
=< R(J;)’
any number in J;, if Rf(J;) =0

if RT(J;) #0

The sparsified ratio R and its alternative RT can be written as

R(I;), if r =r} for some i € [m] RT(L;), if r = r} for some i € [m]
R(r) = R(J;), if r=r* for some i € [m] Bi(r) — Ri(J;), ifr=r* for some i € [m)]

R(1), ifr=1 Rf(1), ifr=1

0, otherwise 0, otherwise

11



To bound Ay (R, R), consider the following two distributions, as inspired by the discussion
of sparsification w.r.t. one interval,

~ R(r), ifr <1 - Rf(r), ifr>1
o = {50 By = {5 0
R (r)/rr*, ifre J; R(r)-r*, ifrel

Claim 15. P, Q are well-defined distributions and R = (P||Q).
RI(J;)/r* = R(J;). Thus

7

Proof. For each i € [m], Q(J;) =
Q([0,00]) = Q([0, 1)) + Y Qi) =R([0,1]) + D R(Ji) = R([0,00]) = 1.

i€[m) i€[m]

So Q is a distribution over [0, oo]. Symmetrically, P(I;) = R(I;)-rF = RY(I;), and P is a distribution.

Say random variable X ~ Q,
00 — 2 and Pr[X € I] = QL) = R(Jy).

e X el —

Q(x)
. XeJ = S(())?) — 1 and Pr[X € J;] = Q(J;) = R(J;).
X=1 <= 50 land PriX =1]=Q(1) = R(1).

Thus R = (P||Q). O
Then Anryv (R, R) is upper bounded by Ayry (R, R) < max(Ary (P, RT), Ary(Q, R)). Consider
the two terms on the right hand side separately.

Ary(PRT) = ZUP’ MZiZZW’(T)—RT(r)\:;ZZR(T)-\@*_T\

7“<1 =1 rel; i=1rel;
By how we choose the intervals, for each i € [m] and any 7, r € I;, we have

‘Tik_,r‘ < {5s(1r), ifi<m

! Ss, if i =m
Therefore,
m—1
1
T - _ il
Ary(P,R") < YD R(r) el —7) + : > R(r) - 6
=1 rel; r€lm
1

1
= & ATV(IR) + 553 .

Symmetrically, for each i € [m] and any 7*,r € J;, we have

1 1<{ss(11{), if i < m

**_7}— iro.
Ty T ds, ifi=m

12



due to the choice of intervals. Then Aty (Q,R) can be upper bounded by

1 1 1 1
T _Z Z i -
Arv(Q,R) ;R (1 ) + 50 = 5e Arv(R) + 56,
The last equality symbol relies on
Ary(R) = Ary(RI,R) = Z (RF(r) ZRT (1 - *)
r s.t. RT(r)>R(r) r>1

As the conclusion, AMT\/(R,R) < max(ATV(]fD, RT), ATV(Q; R)) < %(83 AT\/(R> + (55)

5 Estimate TV Distance between Product Distributions

The two product distributions of interest are P = P1P,...P, and Q = Q1Q>...Q,, where Py,
Py, ..., Pp,Q1,Qq,...,Q, are 2n distributions over sample space [¢]. We present a deterministic
algorithm that estimates the TV distance between P and Q. The intuition has be explained in the
technical overview (Section 1.1).

Theorem 1. There exists a deterministic algorithm (Algorithm 2). Given two product distributions
P, Q over [q ]” and > 0, it outputs an estimation A satisfying (1—e) Apy(P, Q) < A < Apy(P,Q),

in time O(T log g log W)'

Algorithm 2: A Deterministic FPTAS for the TV distance between product distributions
Input: 2n distributions Py, P, ..., P,,Q1,Qo,...,Q,, and an error bound & > 0;
Let dip < maxi<i<n, Ay (Pi, Q;)
Let R).; «+ Ry, where R; := (P1]|Qy)
for k from 1 ton —1 do
L Ry Sp:jrsify(R’lzk, 57> 550LB)
R i1 < Rik indp Rieq1, where Ryy 1 := (Pry1||Qry1)

return A = Ay (R,

[S N VN

=]

The algorithm starts by computing a relatively tight lower bound of the Ay (P, Q).
Claim 16. 2B < g 5 < Ay (P, Q).
P?“OOf. ATV(Pi7 Qz) < AT\/(P, Q) for every ¢ € [n], thus dig < AT\/(]P), Q)
Let (X1,Y7),...,(X,,Y,) be independent and (X, Y;) is the optimal coupling of (P;, Q;). Hence,
Ary(P,Q) < Pr[(X1,..., Xn) # (Vi Vo)l Y Pr[Xs # Y] =Y Apy(Pi, Q) < ndpp. O
i=1 i=1

The algorithm then iteratively computes R}, for k = 1 up to n. R/, is an approximation of
the “actual” ratio Ry := (P1Py...Pg||Q1Q2 ... Q).

Claim 17. For each k € [n], it holds that R}, < Ry and Anryv(R),, Rix) < Ele Ary (P, Q).

13



Proof. Tt is proved by induction on k. The base case is satisfied as R}.; = (P1]|Q1) = Ry.;.

For larger k, the inductive assumptionis R}, ;| < Ryg—1 and Apryv(RY, 1, Rig—1) < k—_an—: Aty (P, Q).
By the data processing inequality for TV distance, Ay (R}, _;) < Arv(Rix—1) < Arv(P, Q). B
the nature of the sparsification process (Lemma 14), the sparsified ratio Ry < R/, _, and

~ 1, ¢ € €
Anryv(Rip—1,Rly_) < 5(% Ary(Riy_y) + %dLB) < o Aty(P,Q). (4)
Then the inductive proof is concluded by

R = Rik—1 indp Ry < Ri:k—1 “indp Rk = Ry

Proposition 7

Avrv(RieRigk) <0 Anrv(Rig 1, Rig 1)

Lemma 12

k

-2
n EATV(P7 Q) .
]

- 1
< Anrv(Ryg—1, Rl 1) + Avrv(Ryg—1, Ry q) < —eAry(P,Q) +
LH. and (4) 27N

In the end, the algorithm outputs A = Ary(R].,) as an estimation of the TV distance. Since
AMTV(R,LTN Rl:n) S %5ATV(]P)7 @)7 we have

A — Arv(P,Q)| = | Atv(R],,) — Arv(Rin)| < € Arv(P, Q).
In the meanwhile, R}, < Ry., implies
A = Arv(R},) < Ary(Ri) = Ary(P, Q).

The running time of our algorithm is dominated by the main loop. The support size of Ry is
bounded by O(g In 5d7£B) < O(g In #(P’Q)), by Lemma 14. The support size of Rll:k—f—l is at most

q times larger. The time complexity of computing R, is O(% log qlog #(P’Q)), which is the

complexity of merging ¢ sorted list, each list of length O(g log #(PQ))' The time complexity of
computing Rl:k_}rl from R}, 41 is smaller. Thus the time complexity of each iteration is dominated

. . . . 2
by computing R/, ;, and the total time complexity is O(%= log qlog #(RQ))'

6 Estimate TV Distance between Markov Chains

A Markov chain P over [g|" can be represented by its initial distribution P; and n — 1 Markov
kernels ko, ..., k, such that P(zq,z2,...,2,) = Pi(x1)k2(z2|21) ... Kpn(2n|Tn—1). In the Markov
chain setting, we use the conventional notation Py;_; to denote the Markov kernel ry. As the
notation suggested, if (X1,...,X,) ~ P,

Ppjp—1(wk|rp—1) = Pr[Xg = 21 | Xp—1 = p—1]

for all xx_1,z) € [q] such that Pr[X;_ 1 = xp_1] > 0.
Similarly, another Markov chain Q is represented by its initial distribution Q; and Markov
kernels Qy)q, ..., Qpj—1- We give a deterministic FPTAS for the TV distance between P and Q.

Theorem 2. There is a deterministic algorithm (Algomthm 3) such that given two  Markov chains
P, Q over[q ] and an error bound e > 0, it outputs A satisfying (1— e) Aty (P,Q) < A< Ay (P, Q)

in time O(Tq logqlog(m))'
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To present our algorithm, we introduce a few more notations, in particular, the conditional ratio
between Markov kernels, which plays the central role in our algorithm.

The conventional notation Py, denotes a Markov kernel from [g] to [qn k1

, is defined as

Prone—1(Thy Tty -+ TnlTe—1) = Pppp_1 (TalTn—1)Pp_1jp—2(@n—1]Tn—2) . . . Pyo—1 (x| p—1) -
As the notation suggested, if (X1,...,X,) ~ P,

Prpfk—1 (T Thg1s - - 5 TnlTe—1) = Pr(Xp, .., Xn) = (T, -+, 20) | Xp1 = 241
for all w1, 7g,..., 2, € [q] such that Pr[Xy 1 = xx_1] > 0. We use Pyp_i|z and Pj.pp—1]x to
denote the derived distributions Pyp_1(...|z) and Py, ,_1(...|x) respectively. That is
(Prjp—1lzr—1) (k) = Prpp—1 (Tr]zi-1) , (Prono—11T6—1)(Tkn) = Pronjp—1 (Then|[Th—1) -

They can be viewed as the conditional distributions of X and Xj.,,.

Then we can consider the ratio between Pp.,;x—1|z and Qp.p(x—1 |7, defined as

Rine—117 .= Pronpp—1l2 || Qronj—1l) -

This implicitly defines a Markov kernel Ry, ;1 from [q] to [0, 00), as formalized below.

Definition 18 (Conditional Ratio between Markov kernels). For two Markov kernels Py |x, Qy|x
from Qx to Qy, the conditional ratio between them, denoted as (Py|x||Qy|x), is a Markov kernel
from Qx to [0, 00), such that, if letting Ry x := (Py|x[|Qy|x), for every = € Qx

Ry|x|z = (Py|x|z || Qyx|z) .

A walid conditional ratio over Qlx is Markov kernel x from Qx to [0, 00), such that x(-|x) is a valid
ratio for every z € Qx,

Conditional ratio plays the central role in our algorithm, as presented in Algorithm 3. The core
of the algorithm is an iterative process computing an approximation of the conditional ratio Ry, x—1
for each k. In each iteration step, to compute an approximation of Ry, x—1 |z, the algorithm need an
approximation of Ry ., from last iteration, and distributions Py, _1 |7, Qg —1|2 from the inputs.
We call this subroutine Concatenate, and it is defined and analyzed in Section 6.1.

6.1 The Concatenation of Conditional Ratios

Given Px, Py x and Qx,Qy|x, to compute the ratio Rxy := (PxPy x||QxQy|x), the naive so-
lution is to first compute the two joint distributions PxPy|x, QxQy|x. This section shows that
there is an alternative approach: first compute Ry |x := (Py|x[|Qy|x), then

Rxy can be computed from Px, Qx and Ry x.

Let (X,Y) ~ QxQyx and set
(PxPyx)(X,Y)  Px(X) Pyx(Y]X)
(QxQyx)(X,Y)  Qx(X)Qyx(Y[X)~
then R ~ Rxy = (PxPy|x[|QxQy/|x). What is the distribution of R conditioning on X = 7 Let
R, denote this conditional distribution. Then R, is the distribution of

Px(x) Pyx(Yzl|z)

Qx (v) Qyx (Yz|x)

R =

()
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Algorithm 3: A Deterministic FPTAS for the TV distance between two Markov chains
Input: two Markov chains P = PPy ... Ppjp_1, Q = Q1 Qg1 ... Qpppp—1,
an error bound € > (
Compute di,g such that ATV(P Q) <dpp < Apy(P,Q) (Section 6.2)
Compute conditional ratio ]Rn mln—1 < (Pn‘n_l H Qn|n—1)

That is, Rn:n‘n_l\m — (Pn|n,1|x H (@n‘n,l\x) for each x € [q]

N =

3 for k fromn—1 to1do
4 Compute conditional ratio Rk+1 |k as follows: for z in [¢] do

L Rk—l—l n\k|x A Spar5|fY( k-1 n|k’$v an’ gndLB)

if £ > 1 then

Compute conditional ratio R;W i, as follows: for x in [¢] do

8 t R}.k_1lz < Concatenate(Py 1|z, Qui—1/7, Ritrm)
9 else
10 L Compute ratio R}, <— Concatenate(P1, Q1, Ry.p)1)

Output: A = Apy(R),,)

where Y, is sampled from the distribution of Y conditioning on X = z. In other words, Y, ~
Qy|x|z. In such case, the distribution of the second fraction in (5) is Ry|x|z. Therefore, R, can
be simply computed from Ry x|z, and the wanted ratio Rxy is a weighted average of R,.

If we let Dxg[f(X)] denote the distribution of f(X) when X ~ Q, the above analysis can be
written as one formula.

(PxPyxIQxQyx) = x(X) PYX(Y‘X)]

D
(X,Y)~QxQy x [QX( X) QY|X(Y|X)

_ x(z) Pyix (Ylz) Px(x)
=2 Ol 8 e o) = Yo, B lovw H ©

Lemma 19 (Concatenation). There is a deterministic algorithm Concatenate inspired by (6).
Given distributions Px,Qx over Qx and a conditional ratio Ry|X over Qx, the algorithm out-
puts Rxy = Concatenate(Px, Qx, Ry |x) such that

Rxy = (PxPyx]|QxQy|x)

for any sample space Qy and any Markov kernels Qx to Qy satisfying (Py|x||Qy|x) = Ry|x-
If the support size of Ry x|z is less than N for every x € Qx, the support size of Rxy is no
more than N|Qx|, the time complexity of Concatenate is bounded by N|Qx|log(|x]).

Proof. The correctness is ensured by (6).
The complexity bottleneck is to merge |2x| sorted lists, each list has up to N elements. O

The concatenation process has a few nice properties. In particular, concatenation preserves the
order relation (Definition 6) and does not increase minimum total variation distance.

Lemma 20. For any conditional ratios Ry |x, R’YlX over Qx such that RY‘X|ZL’ > R’Y|X|a: for every
x € Qx, for any distributions Px,Qx over Qx, it holds that

Concatenate(Px, Qx, Ry|x) > Concatenate(Px, Qx, Ry |y ).
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Proof. Since Ry x|z > Rg/‘ |z for every z € Qx, there exist a sample space ng ), distributions

IP’(x), Q(”) over Qy), and a Markov kernel x, from ng) to Qg) such that
Ry x|z = (PW]QW), ixle = (kP [5,Q)).
Define sample space Qy =, Q(‘r), Markov kernels Py |y, ]P”Y‘X, Qyx, Q’YlX from Qx to Qy as

Pyixle :=P®, Qyxlz:=QW, Py xlo:=rP?, Q x|z :=rQ".

Then Ry |x = (Py|x[|Qy|x) and IR{’Y‘X = (IP”YlXHQ’Y|X). So the two sides of the wanted inequality

equal (PxPy|x[|QxQy|x) and (]P’X]P’g/'XH@XQg,'X) respectively.
Define a Markov kernel k from Qx x Qy to itself as

k(@ e, y) = 1" = 2] ka (Y |y).
Intuitively, the distribution of x conditioning on (z,y) is to set X’ = z and sample Y’ according to
Kz (-ly). It is easy to verify that k(PxPy|x) = IF’X]P”Y‘X and £(QxQyx) = @X@/Y\X' Therefore,

Concatenate(Px, Qx, Ry |x) = (PXPy|X H @XQY|X)
> (PxPyx || QxQy|y) = Concatenate(Px, Qx, Ry y). O

6.2 A Lower Bound for TV Distance

Similar to the case of product distributions (Section 5), our algorithm approximating the TV
distance between Markov chains needs a relative tight lower bound to start with.

Lemma 21. There exists an deterministic algorithm such that given two Markov chains P and Q
over [q", it returns dip satisfying w <dig < Ary(P,Q) in time O(¢*n).

Proof. Define Dg := P. For each k € [n], define distribution Dy := Q1 - - - Qpp—1Prs1jx - Prjn—1-

Dy (21, 2n) = Qui(@1, - ) Prg i (Thg 15 - -, Ta| 1)

Thus D,, = Q. By the triangle inequality,

Ary(P,Q) <> Ary(Dp1, D) < n max Ary(Dy—1,Dy).
k=1 Shs

For any 1 < k < n, it holds that
Aty (Dg—1,D%) < Ary(Di—1,P) + Ary(Dy, P)
= Arv(Qui—1,Prk—1) + Arv(Qrg, Pri) < 2A71v(P,Q).
Therefore, dpg satisfies the requirement if it is defined as

1
diB = 5 e Ary(Dg—1,Dy).

Note that, dpp can be computed in time O(¢?n) because

Ary(Dg—1,D%) = Arv(Qr—1Ppjr—1, Qe—1Qpj—1)

and we can compute all Qg —1Py—1, Qx—1Qppr—1 in O(g?n) time. (Here Qj, denote the k-th marginal
distribution of @Q, which can be recursively computed by Qj := Qy i—1Qk—1.) O
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6.3 Analysis of our Algorithm

In this section, we analyze Algorithm 3 and prove Theorem 2.

First analyze the time complexity. Let N = O(2 log(#@@))) denote an upper bound of the
support size of every sparsified ratios generated by Sparsify. The support size of each concatenation
ratio R;C:n|k_1|:c is bounded by Nq. The complexity is dominated by ng calls to Sparsify and ng
calls to Concatenate. Each Sparsify call takes at most O(Ngq) time, each Concatenate call takes at
most O(Nqlogq) time. Thus the total time complexity is bound by O(Nng?logq).

Let Ry, Ry.pp—1 denote the actual ratio and conditional ratio

Ry = (Pl:nn(@l:n)a IRk:n“ﬁ—l = (Pk:n\k—l H Qk:n|k—1) .

Our algorithm recursively computes a good approximation of Ry, ;1 for smaller and smaller k. In
the end, the our algorithm computes R’.,,, which is an approximation of Ry.,, satisfying R}.,, < Ry.,
and Ayrv(R],,, Rimy) < %5 Ary(P,Q). Thus A = Apy(R].,,) is a sufficiently good approximation

of ATV (Pa Q)
In the proof, we use the conventional notation P to denote the marginal distribution of the

k-th coordinate of IP. It can be recursively defined by Py = Pyx_1Pr—1. The conventional notation
Py 1, is a Markov kernel specifying the distribution of the ¢-th coordinate conditioning on the k-th
coordinate.

Claim 22. For every 1 < k < n, the conditional ratio R;ﬁn‘k_l satisfies R;m\k—ﬁx < Rupje—1 |2 for
all z € [¢]. The ratio R}, satisfies R},, < Ry.p,.

Proof. There is an inductive proof from larger k to smaller k. The base case is when & = n. The

base case follows trivially from the fact that R/ -1 = Ry:njn—1-

/
k+1:

preserved by sparsification (Lemma 14), so @k+1:n\k|x <R

For smaller k, by the inductive hypothesis, R n\k|$ < Ry qonji|7 for each = € [g]. Order is

/

ket 1mfk T < Repppplz. Order is also

preserved by concatenation (Lemma 20), so

Rf’c:n]k—ﬁx = Concatenate(]}pk|k—l|xv @k\k—l|x7 Rk+1:n|k)

< Concatenate(Pyp—1|z, Qur—117, Rigrnk) = Remjp—1]7-

In the special case when k = 1, by the same argument (Lemma 14), RQ;nMﬂU < Rg.ppr|o. Then
by a similar argument about concatenation (Lemma 20),

R/.,, = Concatenate(P1, Q, R2:n|1) < Concatenate(P1, Q1, Roy1) = Ry - O

Claim 23. The ratio R}, in Algorithm 3 satisfies Ayryv(R].,, Rip) < ”2—;15 Ay (P, Q).
We present a rather intuitive proof here. A more formal proof is given in Appendix A.

Proof. Image that there are n hybrid worlds, numbered by ¢ = 1,...,n. In the i-th hybrid world,
we modify how Algorithm 3 works.

The i-th hybrid world consider a modified algorithm that skips the sparsification step in the

main loop for every index k < i. In other words, let Ry 1.1 = R§e+1:n|k for every k < i. To
avoid confusion, we use R,(jilml i to denote this value for every k < i, we use ]Rgl)n to denote
the value of R/, in the i-th hybrid world.
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The 1st hybrid world is identical to the real world, thus R{) = R/ The last hybrid world is

“ideal” in the sense that there is no error introduced by sparsification, thus RY?L = R;1.,. To bound
the MTV distance between R}, and Ry.,, it suffice to prove for every 1 <i < n,

i 1
AMTV(RPWR( +1)) < o€ Ary(P,Q).

Comparing the i-th and (¢4 1)-th hybrid worlds, the only difference is whether the sparsification

step is skipped when k = 4. In the (i + 1)-th hybrid world, R(fll)m =R}, In the i-th hybrid

world, R;, 1. njilz is the sparsification of R/ |z. By Lemma 14,

i+1mnli
’L—‘rl € A ( € A
Anry (R i, Rz—H n|z|$) 7ndLB ™ Tv(R nh\iv) 7ndLB + 5, TV (Rip1:0i|7) -

So there exist Markov kernels IP>Y‘Z , QYIZ , ;ltl = @gﬁrﬁl ** from [q] to a sample space 1y’ satisfying

3 . (3)= (3)= (i+1) (341) %% (341) %%
Riﬂ'n\' - (Pyu H QY|@') ) Rz‘+1 i ( Yli H th ) ) (7)
max(ATV (]P)(Z)l | ]P)(Zr-l)**| )’ ATV (Qgﬁ | Qgﬁ?;l **| )) < @dLB + % ATV(Ri+1:n|i|x) . (8)
Inspired by these distributions, we define some extra artificial hybrid worlds:

The i* hybrid world is a truncated version of the i-th hybrid word. In this hybrid worlds, the
algorithm sets R;, ;.,|; according to (7) and the rest of the computation is the same as the

i-th hybrid word. In this hybrid world, the algorithm will also compute R@L

By its definition, the algorithm computes the exact ratio between
P1Pypy .- 'Pi|i—1P§;)|: and Q1Qy; .. ~Q¢\i—1@$)|: :

The (i 4+ 1)** hybrid world is a truncated version of the (i + 1)-th hybrid word. In this hybrid

(i+1) according to (7) and the rest of the computation is the

i+1mnli
same as the i-th hybrid word. In this hybrid world, the algorithm will also compute Rgf:l).

worlds, the algorithm sets R"

By its definition, the algorithm computes the exact ratio between
)% 1)*
PPy .. -lP’m_lPﬁ}?; and Q1Qyy .. Qi 1Q§i|t
Therefore,
] +1 i+1) %%
AMTV(R%:R&L N < maX(ATV(PIPQH Pji— 1P(T PPy .. i|i—1P§i|i ) )7

Arv (@@ -+ Qi @, Q- Qi1 @)
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The right-hand side of the inequality is bounded by

i+ 1) %%
Aty (Plpm Py 1P§/)|z, PPy .. z‘|z‘—1P§$) )

= Aty (IP’ ng)\z 3 P(zrl)**>

~ B L (R B

< - . . .
T oa~Py |:4ndLB + ATV(RZJrl.nh’x)]

€ €
= %dLB + n xINE]Pi [ATV(RiJrl:nﬂ’x)]
€

€
= %dLB + . xINEPi [ATV(Pz’+1:n|i’xv @i+1:n\i|x)}

€ €
= %dLB ™ Arv(PiPiy1n)ir PiQiy1m)s)

% ATV(]P)7 Q) :

IN

The first inequality symbol follows from formula (8). The second inequality symbol relies on

Ay (PiPiy1m)i> PiQiy1imi) < ATv(PiPig1n)is QiQiyiim)i) + Av(QiQiy1:mis PiQig1:mi)

= Arv(Pin, Qiin) + Arv(Qs, Py) < 2A1y(P,Q). O
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A Another Analysis of our Algorithm in the Markov Chain Set-
ting

This section presents an alternative analysis for bounding the error of Algorithm 3. It starts by
introducing a finer characterization of the “difference” between two ratios.

Definition 24 (Region). For any two ratios Ry, Rg, define the feasible region of TV distance pair
(or “region”, in short) between Ry, Ry, denoted by Rrvp(R1,R2), as

Rrvp(R1,Ry) := { (ATV(Pl, Py), Arv(Qy, Qz))

distributions Py, Q1,Ps, Qs
such that (P1||Q1) = Ry, (P2]|Q2) = R,

Region has many nice properties. It is more expressive than the minimum total variation
distance. The later can be defined as the Li-distance between (0,0) and the region.

Avirv(Ry, Ro) = inf max(d1,02)
MTV( 1 2) (61,62)ERTvD (R1,R2) (1 2)

We remark that, the current definition of Ay is not special. For example, consider an alternative
distance

Anry' (R, Rg) = inf 01+ 02).
MTV( 1 2) (61,52)€RTVD(R17R2)( ' 2)
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This alternative distance, which is the Lo-distance from (0, 0), also works well with the paper. An
early draft of this paper uses Ayryv’ to analyze our algorithms.

For this paper, it is sufficient to have the following property. The proof is deferred to Ap-
pendix B.

Lemma 25 (Triangle Inequality). For any ratios Ry, Ra, R such that Rryp(R1,R) <3 (a1, 1) and
Rrvp(Rg, R) <3 (a2, B2), it holds that Rrvp(R1,Ra) <3 (a1 + a2, 81 + Pa2).

The description of this lemma uses a convenient notation <5, defined as follows. For any two
points (v1,v2), (w1, ws) in the Euclidean plane, we say (vi,v2) < (w1, ws) if v1 < wy and v < ws.
Apparently, this defines an order relation. Let R be a point set in the Euclidean plane, we say
R <3 (v1,v2) if there exists (ui,u2) € R such that (ug,us) < (vi,ve).

Using the new concept of region, we gives a fine characterization of how the error passes through
the concatenation process.

Lemma 26. Given conditional ratios Ryp{,Rg,'X over Qx, for any mappings o, f : Qx — [0, 00)

such that RTVD(RY|X|5C,R/Y‘X’«T) <3 (a(x), B(x)) for every x € Qx, for any distributions Px,Qx
over Qx, it holds that

Rrvp(Concatenate(Px, Qx, Ry x), Concatenate(PX,@X,R'YlX)) <3 (XLEPX[Q(X)]’XEEQX[B(X)D :

Proof. Since RTVD(Ry|X|x,Rg,|X|x) <3 (a(x), B(x)) for every x € Qx, there exist a sample space
Qy, Markov kernels Py x, Pg,lX, Qv x, Q’YIX from Qx to Qy such that

Ryx = (Pyix[|Qyix), vix = Pyx1Qyx),
Arv(Pyix|z, Py x|r) < alz),  Arv(Qyix|z,Qy x|z) < B(z) for every z € Qx .
The two ratios in the wanted inequality equal (PxPy x| QxQy|x) and (PXPSf\XH@X@/y\X> respec-
tively. Therefore®
Rrvp(Concatenate(Px, Qx, Ry|x), Concatenate(Py, Qx, qux))
<3 (Arv(PxPy|x,PxPyx), Arv(QxQyx,QxQy y))
= ( K [ATV(PY|X|$7P/Y|X|$)L E [ATV(@Y|X|1‘,Q/Y|X|$)])
z~Px z~Qx
<( E [uX)], E [B(X ) . O
< (LE (X)), \E [8(X)
Now we are ready to present an alternative error analysis of Algorithm 3.
Claim 27. For every 1 < k < n, the intermediate conditional ratio R;c:n| . satisfies

n—1

, n—=k €
RTVD(Rk;n‘k—ﬂx?Rk:n“ﬂ—l‘w) SEl <4n . EdLB + % ; ZN]PtE71|x [ATV(Rt+1:n|t|2)}7

n—=k e 2
cedig + — E Ay (R ,
in €aLB 8ntz£z~@t|k1|w[ v ( t+1.n|t|z)])

for all z € [g]. The ratio R, satisfies Ayrv(R],,, Ri:n) < B2e Apy (P, Q).

4The expectation in the 3rd line of the following formula is written using an inconsistent but intuitive notation
@ ~ Px. If using the same notation as the rest of the paper, it should be written as Ex~py [Arv(Py|x|X, IP”Y‘X\X)].
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Proof. There is an inductive proof from larger k£ to smaller k. The base case is when k& = n. The
base case follows trivially from the fact that R/ -1 = Rynfn—1-

For every smaller k, by Lemma 14, the error introduced by sparsifying R} | |7 is bounded
by
€
8n

3

™ Arv(Ryg1ni|7)

~ £ 3
AMTY (Riet 1:m 1|25 Ry 105 12) < 10+ AT (Ry g0 l2) < 1,0+

which means

~ 3 13 13 g
RTVD(Rk+1:n|k|$7 R;{;+1:n‘k|x) <3 (%dLB + % ATV(IRI<:—&—1:71|/€|$)7 EdLB + % ATV(Rk—i—l:n\Hx)) :

Combining with the inductive hypothesis that bounds RTVD(R§€+1:n|k|x, Ry 1:mji|T) Dy

n—1

~ n—k—1 €
RrvD (R 1:m )17, Rpg 11| 7) <3 <4n cedrp + n Z ZNEH:C[ATV(R”L”“'Z)]’
t=k+1 |
n—k—1 e 4
—-ed — E [Apyv(Rpq.
in earp + 3N Z ZNthlw[ v ( t+1.n|t|z)}>’
t=k+1 '

using the triangle inequality (Lemma 25)

n—1

9
-ed = E [Arv(R. . ,
earp + 8 ;wpﬂklw[ v ( t+1.n|t|z)}

n
RTVD(R§§+1;n\k|x7Rk+1:n|k|x) <3 < n

n—1

k €
-ed — E |Arv(Riq. i
in €arp + ’n ;Zw@ﬂw[ v ( t+1.nt’2)]) 9)

n —

Note that, in the above formula, P ;|7 is the degenerated distribution that only samples x. Then
the inductive step is concluded by Lemma 26

—k €
Rovo (R Renip1]2) < E [” N E [Arv(Ry, }
TvD( k.n\k71|x kin|k 1|r) <3 <y~Pk|k—1|m n €arp + 8n;z~mk|y[ v (Rep1: It’Z)]

n—=k €
cedig + — E A R 1.n0tl2 })
yN@kklﬂc[ 4n 8n ; ZNQt\k'?/[ (R n|t| )]

n—=k e =
a < 4dn . €dLB * 87” ; yNIP’kIE—llx |:z~£?k|y [ATV(Rt+1:n|t|Z)H ’

n—1

n—=k €
Y E [ E  [Arv(Ryyimplz D
4n 8n ;yNQHkﬂx ZN@t\k\y[ TV( i n|t| )]

—k
_ (” gt =Y B [Arv(Resrapl?)],

4n &n —r zNPt‘k_ﬂLE

—k €
-ed — E Ay (R . . 10
in earp + 3 ;ZNthﬂz[ v ( t+1.n|t\z)]> (10)
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In the special case when k£ = 1, by the same analysis as the first half of the inductive step,
formula (9) holds. Then by an argument mostly similar® to (10),

n—1
n—1 €
Rrvp(R.p, Riip) <3 ( ediB + — E ZLEP [Arv (Reg1mpe2)]
t=1""""

4n 8n “—

n—1

n—1
9
e Y B [Arv(Real)] )

For each 1 <t < n, we have

E [Arv(Reprnplz)] = E@ [ATY (Pri1m)t] 2 Qegrnpe]2)]

2~Qy 2~Qt

= AT\/((@tIP))%H:Mty Qt@t+1:n|t> < ATV(QtPt+1:n|t7 PtPtJrl:n\t) + ATV(PtPt+1:n|t7 Qt@t+1:n|t)
= Arv(Q:, Py) + Arv(Pen, Qup) < 2A1v(P, Q).

Symmetrically, E.p, [ATV(RtJrl:n\t’Z)] < 2A7ry(P,Q). Therefore,

Rovp (Rl Ris) <3 <n4n
n—1
4n
n—1
2n

-edi + Si(n —1)-2Apy(P,Q), the same) )
mn

£
Amtv (R, Riy) < -edLp + 8771(“ —1)-2A7v(P,Q)

< e Ary(P,Q). O

B Deferred Proofs

Proof of Lemma 9. The key step of the proof is to enforce the search space of (P1,Qy, P2, Q2) to
be finite-dimensional. Concretely, we construct a finite set {2 such that we can assume w.l.o.g. that
Q) is the sample space of distributions P1, Q1,Ps, Q2. That is,

A Ri,Ry) = inf max A7y (P, Psy), A . 11
mtv(R1, Ro) diserete T, 5, 0 (Apy(P1,Pa), Ary(Q1,Q2)) (11)
in sample space 2
(P1|Q1)=R1
(P2]|Q2)=R2

Assume that we have found such a finite set €2 satisfying equation (11), then the infimum symbol
can be replaced by minimum, because the search space is a compact set and the TV distance is a
continuous function. Thus to finish the proof, it suffices to (explicitly) construct 2 and show (11).

The sample space 2 is defined as

Q= <SUPP(R1) U {OO}) X (Supp(Rz) U {OO})'

The desired (11) is implied by the following statement: for any discrete distributions P}, Q}, P}, Q)
over any sample space ' such that (P}]|Q}) = Ry and (P}||Q}) = Rg, there exists distributions
Py, Q1, P2, Q2 over 2 such that (P1]|Q1) = Ry, (P2||Q2) = Ry and

Ary(P,P2) < Apy(P},Py)  and  Apy(Qr,Q2) < Apy(Q7,Q5). (12)

5The argument will be exactly the same, if we define degenerated distributions Py, Qg over a size-1 sample space
and define Markov kernels P1jg, Q1)o such that as Py oo = P1 and Q)0Qo = Q1.
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The distributions Py, Qq, P2, Q2 are constructed as follows. Define mapping 7 : Q' — Q as

P/ P/
m(z) = ( }(2)7 ?(z)>
Qi (2) Q5(z)
Let Pq,Q1,P2,Q2 be the distributions of m(X1),7(Y1),7(X2),7(Ya) where X; ~ P}, Y7 ~ Qf,
Xy ~ P, Yy ~ Q). By the data-processing principle, (12) holds. Now the only remaining task is to

show (P1]|Q1) = Ry, (P2]|Q2) = Ry. By symmetry, it suffices to prove one of them.
For each (r1,7r2) € Q such that Q;(r1,r2) > 0 (which implies r; # o0),

Py (7“1, 7“2) _ ZzeQ/ s.t. w(z)=(r1,r2) P/l(z) _ Zzeﬂ’ st w(2)=(r1,r2) 71" @/1 (Z)
Q (Th TQ) EZGQ/ s.t. w(2)=(r1,r2) Qll(z) ZZGQ/ s.t. w(z)=(r1,r2) Qll(z)

=T1.

For each r € [0, 00)

P Y) T]
Qu(Y)

= Pr [ﬁrst entry of m(Y') = r} = Pr [
Y'—Q) Y'—Q)

ElQ)(r) = Pr |

= Pr [ﬁrst entry of Y = ’r}
Y(—Ql Y(—Q1

P (1)
Q)

Thus (P1]|Qu) = (P;Q}) = Ru. 0

=r| = BIQ)().

Proof of Lemma 10. 1t is easy to verify that Ayry(R,R) = 0 and Ayrv(R1, Re) = Aprv(Ro, Ry).

Positivity: Next, we verify the positivity property: Ayry (R, Ry) > 0 if Ry # Ry, If Ry, Ry have
finite-size supports, the positivity property is very easy to prove. Here we briefly present a proof
without assuming finite-size supports.

The proof requires some basic knowledge of decision theory. In the decision problem between
two distribution P and Q, a distinguisher is given a sample x that is sampled from either P or Q,
and is supposed to guess which distribution x is sampled from. The distinguisher can be formalized
as a randomized algorithm from the sample space to {0, 1}. It is well-known that TV distance can
be defined as

~

Ary(P,Q) = mSX‘XPI‘P [D(X) = 0] — Pr [D(X) 0] ‘ .
The Neyman-Pearson region of the decision problem, denoted by Ryp (P, Q), is defined as

Rup(P,Q) := {( Pr [D(X) — 0], Pr [D(X) = 0]) ‘ D} C[0,1] x [0,1].

Every Neyman-Pearson region satisfies the following properties.
o The region is close and convex.
o The region contains (0,0) and (1,1).
o The region is centrally symmetric: (o, 5) € Ryp(P, Q) if and only if (1-a, 1—3) € Ryp(P, Q).

e The region is determined by the ratio, and vice verse. Thus we can define the Neyman-Pearson
region of ratio R, denoted by Ryp(R), so that Rxp(R) = Rnp(P, Q) as long as R = (P||Q).
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Given any two distinct ratios Ry # Ra, we have Ryxp(R1) # Rnp(Rz2). Assume w.l.o.g. that
(o, ) € Rnp(Ry) \ Rup(R2). Since Ryp(Re) is close, there exists a constant § > 0 such that
max(|la— [, |8 — B'|) > 6 for any (o/, 8') € Rup(R2).

For any P, Q; satisfying (P1||Q1) = Ry, since (o, 8) € Rnp(P1,Q1), there exists a distinguisher
D such that

£ [D(X) = 0] =« £ [D(X) — 0] = 8.

For any Py, Q2 satisfying (P2||Q2) = Ro, let

(o, ) = (Xgrpz [D(X) = 0], Pr [D(X) 0]) € Rap(Rs).

Then

max(Ary(P1,P2), Aryv(Q1, Q2))
> max(‘Xf:FPl [D(X) 0] = Pr [D(X) 0]

Pr (D) = 0] = Pr [D(X) 0] )

— max(|a — /|, |8 — §]) = 4.

Therefore AMT\/<R1,R2) >4 >0.
Triangle inequality: We will prove that for any ratios R, Ry, Ro,

Anrv(Ri, R2) < Aprv (R, R1) + Aprv (R, Ra).

By the definition of MTV distance, there exist® distributions Py, Q1,Ps, Q3 over sample space
) such that

(P1]|Q1) =Ry, (P3]|Q3) =R, max(Ary(P1,P3), Arv(Q1,Q3)) = Amtv(R, Ry).
Similarly, there exist distributions Py, Q9, P4, Q4 over sample space {2 such that
(P2|Q2) = Ra, (P4]|Qq) =R, max(Ary(P2,Py), Aryv(Q2,Q4)) = Amrv (R, R2).

We are going to construct distributions P, Q', P}, Q}, P}, Q) such that

R; = (P1]|Qy), Ro = (P5]|Q5), R = (P|Q),
Ary (P}, P') = Apy(P1,Ps), Arpy(Q], Q) = Ary(Q1, Q3), (13)
Ary (P, P') = Ay (P, Py),  Apy(Qh, Q') = Apy(Q2, Q).

—~

Then the proof will be concluded by

Anry (R, Re) < max(Ary(Py,P)), Ary(Q), Q3))
< max(Ary (P, P') + Arv(P5, P'), Arv(Q), Q) + Arv(Q5, Q')
< max(Ary (P, P3), Ary(Q1, Q3)) + max(Apy (P2, Ps), Ary(Q2, Q4))
= Avtv(R,Ry) + Aprv (R, Ra).

SFor this paper, we can assume R;, R have finite-size supports, then such distributions P1, Q1, Ps, Qs are guaranteed
to exist (Lemma 9). Otherwise, the proof need a small modification.
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Intuitively, the distribution Q' samples a pair of dependent random variables (X,Y") ~ @', such
that X ~ Qs and the distribution Y conditional on X = x is the same as the distribution of Y

conditional on (gz((?) = (gi((i/,)) To formalize the intuition, we define a joint distribution Qs 4.

@3(90)@47(@/) if Irst.xe i, Ay e Qop AQu(Q2,) >0

Qza(z,y) = Qu(Qy)’

0, otherwise,

where €2y ., ), are defined as

Oy, = {:L‘ < gf;((:;)) = r}, Oy, = {y € Qo ‘ (gi(é)) = r},

oo = {x e ] Qs(z) = o}, Qoo 1= {y €0y ‘ Quly) = o} .

Note that the probability mass function of Q3 4 equals

Qu(y) Qs(z)  Qu(y)

() 5, = B (010 Ta(00)

Thus there are two other equivalent interpretations:

_ Q) BE)
B @4(3/) Q3(Ql,r) '

e First sample Y ~ Q4. Conditioning on Y = y, the distribution of X is the same as the

distribution of X conditional on 533(@(()) = &((Z))‘

e First sample R ~ R. Conditioning on R = r, X and Y are independent, and the conditional

distribution of X (resp. Y) is the same as the distribution of X ~ Q3 (resp. Y ~ Qq)

conditional on &,(()){()) =7 (resp. &?;)) = 7).

Similarly, we can define a joint distribution P34 as

Py(y) .
Py(z)——2—  ifIrst.2€ N, Ay € Qayp APy (Qa,) >0
Ps4(z,y) = 3(I)P4(Q2,r) if Ir st 2 € Dy Ay € Qop APa(S20)

0, otherwise.

Note that, if letting (R, R) be the canonical pair of R, the probability mass function of P34 equals

Py(y) Py(z) Pa(y)
Py(x = R(r =P :
s )P4(Q2,r) ( )Ps(Ql,r) Py (Q2,r) 4(y)19’3(91,r)
We can define the conditional distributions Py, Pyj3, Q3)4, Q43 so that P4 = PsPy3 = PyP3y

and Q34 = Q3Qy3 = Q4Q34. That is, for any (x,y) € Q1 x Oy

P3(r)

P3a(z,y) = P3(x) - Pys(yle) = Pa(y) - Psja(zly),
Qs.4(z,y) = Qs(2) - Qu3(ylx) = Qa(y) - Qau(ly)-

Moreover, for any = € Supp(Ps) N Supp(Qs3), we have z € Q; , for some r € (0, 00), then

Paly) y €y, Quly) y €y,

Pys(ylz) = { Pa(Q2r)’ =9 Qu(22,)’
0, otherwise 0, otherwise

= Qup3(ylz).
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Thus we can define them so that Py3 = Qy3. Similarly, we can let Pz, = Q3 .
Define distributions P, Q', P}, Q}, P}, Q) over Q = Oy x Q9 as

P'=P34, P)=PiPy3, Py=DPoPyp,
Q =Q34, Q) =QiQy3, Q)=QQy4.
We conclude the proof by verifying the properties in (13) holds.

P/ (X,Y)
Q(X,Y)

o Let (X,Y) ~ Qf, then ~ (P}]|Q}). In the meanwhile,

PLX,Y)  (P1Qyp)(X,Y)  Pi(X)Qus(Y[X)  Py(X) “R
QXY)  (@Qp)X,Y)  X)QpYX)  ox)

Thus (B4]|Q}) = R

o By the data processing inequality for TV distance (use it twice)

Ary(P1,P') = Ary(P1Pyj3, P34) = Ay (PiPy3, P3Pyj3) = Ary(Pr,Ps3).

The rest of properties in (13) can be verified similarly. O

Proof of Lemma 11. For any Py, Q1, P2, Q2 such that Ry = (P1]|Q1), Ra = (P2]|Q2), we have

| Ary(R1) — Aryv(R2)| = | Ay (P1, Q1) — Ay (P2, Q2)| < Apy(P1,P2) + Aryv(Q1, Q2)

by triangle inequality. Thus

| Ay (R1) — Ary(Re)| < - H(glg . (ATV(PhPQ) + ATV(@I;QQ)) <2 Anmtv(R1,Ry). O
1 1)=IN1
(P2]|Q2)=R2

Proof of Lemma 12. Consider any distributions P1,Qq, ..., Py, Q4 satisfying R; = (P;||Q;) for all
1€ [4] By PI‘OpOSitiOH 4, Rl ‘indp RQ = (PIPQHQlQQ) and R3 ‘indp R4 = (P3P4H@3Q4> Thus

ATy (R cindp R2, R3 indp R4) < max(Apy (P1P2, P3Py), Ay(Q1Q2, Q3Qy4)).
By the the triangle inequality,
Ary(P1Pg, P3Py) < Ay (P1P2, P3P2) + Ay (P3P, PsPy) = Ary(P1, Ps) + Ay (Po, Py) .
Similarly, Ary(Q1Q2, Q3Q4) < Ary(Q1,Q3) + Arv(Q2,Q4). So
AnmTv(R1 “indpR2, R3-indpR4) < max(Ary(P1, P3), Aryv(Q1, Q3)) +max(Ary (P2, Py), Aty (Q2, Q4)).
Since the inequality holds for any Py, Qq, ..., Py, Q4 satisfying R; = (P;]|Q;),

Antv(Ry cindp R2, R3 “indp R4)
< inf  max(Ary(Pr,Ps), Arv(Q1,Q3)) +  inf  max(Ary (P2, Py) + Ary(Q2, Q4))

(P1]|Q1)=R1 (P2]|Q2)=R>
(P3]|Q3)=R3 (P4]|Q4)=R4
= Anvrv(Re,R3) + Avryv(Ro, Ry) . O

Proof of Lemma 25. In the proof of Lemma 10, we have shown the following statement.
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For any distributions P1, Q1, P3, Q3 over sample space €27 and distributions Ps, Qg, P4, Q4

over sample space (2o satisfying (P1]|Q1) = Ry, (P2||Q2) = Ra, (P5)|Q3) = (P4]|Q4) =R
there exist distributions ', Q', P}, Q}, P}, Qf satisfying (13).

Lemma 25 follows almost directly from the statement, by letting

Rrvp(R1,R) 3 (Apy (P, P3), Ary(Q1, Q3))
Rrvbp(Ra,R) 3 (Ary (P2, Ps), Aryv(Q2, Q4))

then the existing of P/, Q/, P}, Q}, P, Q) satisfying (13) implies

(a1,51),
(a2, B2) ,

<
<

Rovp(Ri,Ra) 5 (Ary (P, Py), Apy(Q7, Q5))
< (Ary (P}, P) + Ay (P, P)), Ay (Q), Q) + Ary(Q', Q%)) < (a1 + a2, 61+ f2) . O

C Visualize the Sparsification Process

This section provides an informal intuitive visualization of the sparsification process. The Neyman-
Pearson region of a decision problem (P, Q) is considered when proving the positivity of the mini-
mum total variation distance (Lemma 10). In that proof, we claim that the Neyman-Pearson region
contains exactly the same information as the ratio R := (P||Q).

Say the ratio R := (P||Q) is represented by a sorted table (ri,p1), (r2,p2), (r3,p3),..., that
is, r1 < re < ... and R(r;) = p;. By the Neyman-Pearson lemma, the (upper) boundary of the
Neyman-Pearson region is the polygonal chain that connects

(0,0), (P([0,m1]), Q([0, 7)), ( £[0 ;72]), Q([0,72])), - .., (B([0, 7], Q([0, 7¢]))), - .., (1, 1),

=(r1p1,p1) (rip1+rap2,p1+p2) =X TPy PE)

as illustrated in Figure 1. The i-th direct segment in the polygonal chain is the vector (r;p;, pi).
This also explains how the Neyman-Pearson region contains exactly the same information as the
ratio.

The goal of our sparsification process is to find a simpler ratio (the sparsified ratio) that is close
to the given ratio. From another point of view, the goal is to find a region with simpler boundary
that is close to given Neyman-Pearson region.

If a few consecutive direct segments in the boundary have similar slopes, they can be replaced
by a single direct segment, causing minor change on the shape of the region. This is exactly how
our sparsification algorithm works: identifying a cluster of probability masses then merging them
together.
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Figure 1: Illustration of the Neyman-Pearson region when ratio has support size 4. The red dashed
line marks the boundary of the new Neyman-Pearson region of the sparsified ratio.
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