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ABSTRACT. We study the single-site Glauber dynamics for the fugacity λ, Hard-core model on the random
graph G(n, d/n). We show that for the typical instances of the random graph G(n, d/n) and for fugacity
λ < dd

(d−1)d+1 , the mixing time of Glauber dynamics is n1+O(1/ log logn).

Our result improves on the recent elegant algorithm in [Bezáková, Galanis, Goldberg Štefankovič; ICALP’22].
The algorithm there is a MCMC based sampling algorithm, but it is not the Glauber dynamics. Our algorithm
here is simpler, as we use the classic Glauber dynamics. Furthermore, the bounds on mixing time we prove are
smaller than those in Bezáková et al. paper, hence our algorithm is also faster.

The main challenge in our proof is handling vertices with unbounded degrees. We provide stronger results
with regard the spectral independence via branching values and show that the our Gibbs distributions satisfy
the approximate tensorisation of the entropy. We conjecture that the bounds we have here are optimal for
G(n, d/n).

As corollary of our analysis for the Hard-core model, we also get bounds on the mixing time of the Glauber
dynamics for the Monomer-dimer model on G(n, d/n). The bounds we get for this model are slightly better
than those we have for the Hard-core model
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1. INTRODUCTION

The Hard-core model and the related problem of the geometry of independent sets on the spare ran-
dom graph G(n, d/n) is a fundamental area of study in discrete mathematics [Fri90, DM11], in computer
science they are studied in the context of the random Constraint Satisfaction Problems [CE15, GS14],
while in statistical physics they are studied as instances of disordered systems. Using the so-called Cav-
ity method [KMR+07, BKZZ13], physicists make some impressive predictions about the independent sets
of G(n, d/n), such as higher order replica symmetry breaking etc. Physicists’ predictions are (typically)
mathematically non-rigorous. Most of these predictions about independent sets still remain open as basic
natural objects in the study such as the partition function, or the free energy are extremely challenging to
analyse.

The Hard-core model with fugacity λ > 0, is a distribution over the independent sets of an underlying
graph G such that every independent set σ is assigned probability measure µ(σ) which is proportional to
λ|σ|, where |σ| is the cardinality of σ. Here, we consider the case where the underlying graph is a typical
instance of the sparse random graph G(n, d/n). This is the random graph on n vertices, while each edge
appears independently with probability p = d/n. The quantity d > 0 corresponds to the expected degree.
For us here the expected degree is a bounded constant, i.e., we have d = Θ(1), hence the graph is sparse.

Our focus is on approximate sampling from the aforementioned distribution using Glauber dynamics.
This is a classic, very popular, algorithm for approximate sampling. The popularity of this process, mainly,
is due to its simplicity and the strong approximation guarantees that provides. The efficiency of Glauber
dynamics for sampling is studied by means of the mixing time.

Recently, there has been an “explosion” of results about the mixing time of Glauber dynamics for worst-
case instances the problem, e.g. [ALO20, CLV21, CFYZ22, Eft22]. Combined with the earlier hardness
results in [Sly10, SS14, GŠV16] one could claim that for worst-case instances the behaviour of Glauber
dynamics for the Hard-core model, but also the related approximate sampling-counting problem, is well
understood. Specifically, for the graphs of maximum degree ∆, Glauber dynamics exhibits O(n log n)
mixing time for any fugacity λ < (∆−1)∆−1/(∆−2)∆, while the hardness results support that this region
of λ is best possible.

The aforementioned upper bound on λ coincides with the critical point for the uniqueness/non-uniqueness
phase transition of the Hard-core model on the infinite∆-regular tree [Kel85]. At this point in the discussion,
perhaps, it is important to note the dependency of the critical point on the maximum degree. This is the point
where the situation with the random graph G(n, d/n) differentiates from the worst case one.

For G(n, d/n) and for the range of the expected degree d we consider here, typically, almost all of the
vertices in the graph, e.g., say 99%, are of degree very close to d. On the other hand, the maximum degree of
G(n, d/n) is as large as Θ( logn

log logn), i.e., it is unbounded. In light of this observation, it is natural to expect
that the Glauber dynamics on the Hard-core model mixes fast for values of the fugacity that depend on the
expected degree, rather the maximum degree. Note that, this implies to use Glauber dynamics to sample from
the Hard-core model with fugacity λ taking much larger values than what the worst-case bound implies.

For d > 1, let λc(d) = dd

(d−1)(d+1) . One of the main result in our paper is as follows: we show that for
any d > 1 and for typical instances of G(n, d/n), the Glauber dynamics on the Hard-core with any fugacity

λ < λc(d), exhibits mixing time which is n1+
C

log logn = n1+o(1), for some absolute constant C > 0 which
depends only on λ and d.

It is our conjecture that the bound on the mixing time is tight. Furthermore, following intuitions from
[CE15], as well as from statistical physics predictions in [BKZZ13], it is our conjecture that the bound λc(d)
on the fugacity λ is also tight, in the following sense: for λ > λc(d) it is not precluded that there is a region
where efficient approximate sampling is possible, however, the approximation guarantees are weaker than
those we have here.
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Our result improves on the elegant sampling algorithm that was proposed recently in [BGGŠ22] for
the same distribution, i.e., the Hard-core model on G(n, d/n). That algorithm, similarly to the one we
consider here, relies on the Markov Chain Monte Carlo method. The authors use Spectral Independence
[ALO20, CLV21] to show that the underlying Markov chain exhibits mixing time which is O

(
n1+θ

)
for

any λ < λc(d) and arbitrary small consant θ > 0. The idea that underlies the algorithm in [BGGŠ22] is
reminiscent of the variable marking technique that was introduced in [Moi19] for approximate counting
with the Lovász Local Lemma, and was further exploited in [FGYZ21a, FHY21, JPV21a, GGGY21]. Here,
we use a different, more straightforward, approach and analyse directly the Glauber dynamics.

Note that both algorithms, i.e., here and in [BGGŠ22], allow for the same range for the fugacity λ. On
the other hand, the algorithm we study here is the (much simpler) Glauber dynamics, while the running time
guarantees we obtain here are asymptotically better.

Previous works in the area, i.e., even before [BGGŠ22], in order to prove their results and avoid the use
of maximum degree, have been focusing on various parameters of G(n, d/n) such as the expected degree
[EHSV18], or the connective constant [SSŠY17]. Which, as it turns out are not that different with each
other. Here, we utilise the notion of branching value, which is somehow related to the previous ones.

The notion of the branching value as well as its use for establishing Spectral Independence was introduced
in [BGGŠ22]. Unfortunately, the result there were not sufficiently strong to imply rapid mixing of Glauber
dynamics. Their analytic tools for Spectral independence (and others) seems to not be able to handle all that
well vertices with unbounded degree. Here we derive stronger results for Spectral independence than those
in [BGGŠ22] in the sense that they are more general and more accurate. Specifically, in our analysis we are
able to accommodate vertices of all degrees, while we use a more elaborate matrix norm to establish spectral
independence, reminiscent of those introduced in [Eft22]. Furthermore, we utilise results from [CFYZ22]
that allow us deal with the unbounded degrees of the graph in order to establish our rapid mixing results.

2. RESULTS

Consider the fixed graph G = (V,E) on n vertices. Given the parameter λ > 0, which we call fugacity,
we define the Hard-core model µ = µG,λ to be a distribution on the independent sets of the graph G,
Specifically, every independent set σ is assigned probability measure µ(σ) defined by

µ(σ) ∝ λ|σ| , (1)

where |σ| is equal to the size of the independent set σ.
We use {±1}V to encode the configurations of the Hard-core model, i.e., the independent sets of G.

Particularly, the assignment +1 implies that the vertex is in the independent set, while −1 implies the
opposite. We often use physics’ terminology where the vertices with assignment +1 are called “occupied”,
whereas the vertices with −1 are “unoccupied”.

We use the discrete time, (single site) Glauber dynamics to approximately sample from the aforemen-
tioned distributions. Glauber dynamics is a Markov chain with state space the support of the distribution
µ. Typically, we assume that the chain starts from an arbitrary configuration X0 ∈ {±1}V . For t ≥ 0, the
transition from the state Xt to Xt+1 is according to the following steps:

(1) Choose uniformly at random a vertex v.
(2) For every vertex w different than v, set Xt+1(w) = Xt(w).
(3) Set Xt+1(v) according to the marginal of µ at v, conditional on the neighbours of v having the

configuration specified by Xt+1.
It is standard that when a Markov chain satisfies a set of technical conditions called ergodicity, then it

converges to a unique stationary distribution. For the cases we consider here, Glauber dynamics is trivially
ergodic, while the stationary distribution is the corresponding Hard-core model µ.

LetP be the transition matrix of an ergodic Markov chain {Xt} with a finite state spaceΩ and equilibrium
distribution µ. For t ≥ 0 and σ ∈ Ω, let P t(σ, ·) denote the distribution of Xt when the initial state of the
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chain satisfies X0 = σ. The mixing time of the Markov chain {Xt}t≥0 is defined by

Tmix = max
σ∈Ω

min

{
t > 0 | ∥P t(σ, ·)− µ∥TV ≤ 1

2e

}
.

Our focus is on the mixing time of Glauber dynamics for the Hard-core model for the case where the
underlying graph is a typical instance of G(n, d/n), where the expected degree d > 0 is a assumed to be a
fixed number.

2.1. Mixing Time for Hard-core Model. For z > 1, we let the function λc(z) = zz

(z−1)(z+1) . It is a
well-known result from [Kel85] that the uniqueness region of the Hard-core model on the k-ary tree, where
k ≥ 2, holds for any λ such that

λ < λc(k) .

The following theorem is the main result of this work.

Theorem 2.1. For fixed d > 1 and any λ < λc(d), there is a constant C > 0 such that the following is true:
Let µG be the Hard-core model with fugacity λ on the graph G ∼ G(n, d/n). With probability 1− o(1)

over the instances of G, Glauber dynamics on µG exhibits mixing time

Tmix ≤ n

(
1+ C

log logn

)
.

2.2. Extensions to Monomer-dimer Model. Utilising the techniques we develop in order to prove Theo-
rem 2.1, we get mixing time bounds for the Glauber dynamics on the Monomer-Dimer model onG(n, d/n).

Given a fixed graph G = (V,E) and a parameter λ > 0, which we call edge weight, we define the
Monomer-Dimer model µ = µG,λ to be a distribution on the matchings of the graph G such that every
matching σ is assigned probability measure µ(σ) defined by

µ(σ) ∝ λ|σ| , (2)

where |σ| is equal to the number of edges in the matching σ.
Note that the Hard-core model considers configurations on the vertices of G, while the Monomer-Dimer

model considers configurations on the edges. Similarly to the independent sets, we use {±1}E to encode
the matchings of G. Specifically, the assignment +1 on the edge e implies that the edge is in matching,
while −1 implies the opposite.

For the Monomer-Dimer model the definition of Glauber dynamics {Xt}t≥0 extends in the natural way.
That is, assume that the chain starts from an arbitrary configuration X0 ∈]±1E . For t ≥ 0, the transition
from the state Xt to Xt+1 is according to the following steps:

(1) Choose uniformly at random an edge e.
(2) For every edge f different than e, set Xt+1(f) = Xt(f).
(3) Set Xt+1(e) according to the marginal of µ at e, conditional on the neighbours of e having the

configuration specified by Xt+1.
We consider the case of the Monomer-Dimer distribution where the underlying graph is an instance of

G(n, d/n). We prove the following result.

Theorem 2.2. For fixed d > 1 and any λ > 0, there is a constant C > 0 such that the following is true:
Let µG be the Monomer-dimer model with edge weight λ on the graph G ∼ G(n, d/n). With probability

1− o(1) over the instances of G, Glauber dynamics on µG exhibits mixing time

Tmix ≤ n

(
1+C

√
log logn
logn

)
.

The proof of Theorem 2.2 can be found in Section 8.
For the Monomer-dimer model on general graphs, the best-known result is the Õ(n2m) mixing time

of the Jerrum-Sinclair chain [JS89], where m = |E| is the number of edges. For graphs with bounded
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maximum degree ∆ = O(1), the spectral independence technique proved the O(n log n) mixing time of
Glauber dynamics [CLV21]. However, this result cannot be applied directly to the random graphG(n, d/n),
because the maximum degree of a random graph is typically unbounded. For the Monomer-dimer model
on G(n, d/n), [BGGŠ22] gave a sampling algorithm with running time n1+θ, where θ > 0 is an arbitrarily
small constant, and [JPV21b] also proved the n2+o(1) mixing time of Glauber dynamics in a special case
λ = 1. Our result in Theorem 2.2 proves the n1+o(1) mixing time of Glauber dynamics, which improves all
the previous results for the Monomer-dimer model on the random graph G(n, d/n) with constant λ.

We remark that for the Monomer-dimer model, we actually proved the n1+o(1) mixing time of Glauber
dynamics on all graphs satisfying ∆ log2∆ = o(log2 n). See Theorem 8.1 for a more general result.

Note that, apart from Section 8, the rest of the paper focuses on the Hard-core model, i.e., proving
Theorem 2.1.

Notation. Suppose that we are given a Gibbs distribution µ on the graph G = (V,E). We denote with Ω
the support of µ.

Suppose thatΩ is a set of configuration at the vertices ofG. Then, for anyΛ ⊆ V and any τ ∈ {±1}Λ, we
let µΛ,τ (or µτ ifΛ is clear from the context) denote the distribution µ conditional on that the configuration at
Λ is τ . Alternatively, we use the notation µ(· | (Λ, τ)) for the same conditional distribution. We let Ωτ ⊆ Ω
be the support of µΛ,τ . We call τ feasible if Ωτ is nonempty.

For any subset S ⊆ V , let µS denote the marginal of µ at S, while let ΩS denote the support of µS . In
a natural way, we define the conditional marginal. That is, for Λ ⊆ V \ S and σ ∈ {±1}Λ, we let µΛ,σS (or
µσS if Λ is clear from the context) denote the marginal at S conditional on the configuration at Λ being σ.
Alternatively we use µS(· | (Λ, σ)) for µσS . We let Ωσ

S denote the support of µσS .
All the above notation for configurations on the vertices ofG can be extended naturally for configurations

on the edges of the graph G. We omit presenting it, because it is very similar to the above.

2.3. Hard-core Model - Entropy Tensorisation for Rapid Mixing. We prove Theorem 2.1 by exploiting
the notion of approximate tensorisation of the entropy.

Let µ be a distribution with support Ω ⊆ {±1}V . For any function f : Ω → R≥0, we let µ(f) =∑
x∈Ω µ(x)f(x), i.e., µ(f) is the expected value of f with respect to µ. Define the entropy of f with

respect to µ by

Entµ(f) = µ
(
f log f

µ(f)

)
,

where we use the convention that 0 log 0 = 0.
Let τ ∈ ΩV \S for some S ⊂ V . Define the function fτ : Ωτ

S → R≥0 by having fτ (σ) = f(τ ∪ σ)
for all σ ∈ Ωτ

S
*. Let EntτS(fτ ) denote the entropy of fτ with respect to the conditional distribution µτS .

Furthermore, we let

µ(EntS(f)) =
∑

τ∈ΩV \S

µV \S(τ)Ent
τ
S(fτ ) ,

i.e., µ(EntS(f)) is the average of the entropy EntτS(fτ ) with respect to the measure µV \S(·). When S =
{v}, i.e., the set S is a singleton, we abbreviate µ(Ent{v}(f)) to µ(Entv(f)).

Definition 2.3 (Approximate Tensorisation of Entropy). A distribution µ with support Ω ⊆ {±1}V satisfies
the approximate tensorisation of entropy with constant C > 0 if for all f : Ω → R≥0 we have that

Entµ(f) ≤ C ·
∑
v∈V

µ (Entv(f)) .

*With a slight abuse of notation we use τ ∪ σ to indicate the configuration what agrees with τ at S and with σ at V \ S.
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On can establish bounds on the mixing time of Glauber dynamics by means of the approximate tensorisa-
tion of entropy of the equilibrium distribution µ. Specifically, if µ satisfies the approximate tensorisation of
entropy with constant C, then after every transition of Glauber dynamics, the Kullback–Leibler divergence†

between the current distribution and the stationary distribution decays by a factor which is at least (1−C/n),
where n = |V | is the number of variables.

As far as the mixing time of Glauber dynamics is concerned, if a distribution µ satisfies the approximate
tensorisation of entropy with parameter C then we have following well known relation (e.g. see [CLV21,
Fact 3.5]),

Tmix ≤
⌈
Cn

(
log log

1

µmin
+ log(2) + 2

)⌉
, where µmin = min

x∈Ω
µ(x) . (3)

In light of the above, Theorem 2.1 follows as a corollary from the following result.

Theorem 2.4 (Hard-core Model Tensorisation). For any fixed d > 1 and any λ < λc(d), there is a constant
A > 0 that depends only on d and λ such that the following is true:

Let µG be the Hard-core model with fugacity λ on the graph G ∼ G(n, d/n). With probability 1− o(1)

over the instances of G, µG satisfies the approximate tensorisation of entropy with parameter nA/ log logn.

Proof of Theorem 2.1. Theorem 2.1 follows from Theorem 2.4 and (3).
Specifically, plugging the result from Theorem 2.4 into (3) we get the following: with probability 1−o(1)

over the instances of G we have that

Tmix ≤ n
1+ A

log logn

(
log log

1

µmin
+ log(2) + 2

)
≤ n

1+ A
log logn

(
log log

(
1 + λ+ λ−1

)n
+ log(2) + 2

)
= n

1+ A
log logn

(
log n+ log log(1 + λ+ λ−1)

)
≤ n

1+ 2A
log logn .

For the second derivation, we note that for the Hard-core distribution µ = µG, we have that µmin is at least
min{1, λn}/(1 + λ)n, which implies that µmin ≥ (1 + λ+ λ−1)−n.

Note that Theorem 2.1 follows from the above, by setting C = 2A. □

3. OUR APPROACH & CONTRIBUTIONS

In this section we describe our approach towards establishing our results. Our focus is on the Hard-core
model.

3.1. Tensorisation and Block-Factorisation of Entropy. We establish the tensorisation of the entropy,
described in Theorem 2.4, by exploiting the recently introduced notion of block factorisation of entropy in
[CP20]. Specifically, we build on the framework introduced in [CLV21] to relate the tensorisation and the
block factorisation of the entropy.

The framework in [CLV21] relies on the assumption that the maximum degree of the underlying graph
is bounded. Otherwise, the results it implies are not strong. In our setting here, a vanilla application of
this approach would not be sufficient to give the desirable bounds on the tensorisation constant due to the
fact that the typical instances of G(n, d/n) have unbounded maximum degree. To this end, we employ
techniques from [CFYZ22].

Given the graph G = (V,E), and the integer ℓ ≥ 0, we let
(
V
ℓ

)
denote all subsets S ⊆ V with |S| = ℓ.

†For discrete probability distributions P and Q on a discrete space X , the Kullback–Leibler divergence is defined by
DKL(P ||Q) =

∑
x∈X P (x) log P (x)

Q(x)
.
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Definition 3.1 (ℓ-block Factorisation of Entropy). Let µ be a distribution over {±1}V and 1 ≤ ℓ ≤ |V | = n
be an integer. The distribution µ satisfies the ℓ block factorisation of entropy with parameter C if for all
f : Ω → R≥0 we have that

Entµ(f) ≤
C(
n
ℓ

) ∑
S∈(Vℓ )

µ (EntS(f)) . (4)

The notion of the ℓ block factorisation of entropy generalises that of the approximate tensorisation of
entropy. Specifically, a distribution that satisfies the ℓ = 1 block factorisation of entropy with parameter C,
also satisfies the approximate tensorisation of entropy with parameter C/n.

As far as the Hard-core model on G(n, d/n) is concerned, we show the following theorem, which is one
of the main technical results in our paper.

Theorem 3.2. For fixed d > 1 and any 0 < λ < λc(d), consider G ∼ G(n, d/n) and let µG be the
Hard-core model on G with fugacity λ. With probability 1 − o(1) over the instances of G the following is
true: There is a constant K = K(d, λ) > 0, such that for

1

α
= K logn

log logn ,

for any 1/α ≤ ℓ < n, µG satisfies the ℓ-block factorisation of entropy with parameter C = ( enℓ )
1+1/α.

Let us have a high level overview of how we use the ℓ-block factorisation and particularly Theorem 3.2
to establish our entropy tensorisation result in Theorem 2.4.

Note that Theorem 3.2 essentially implies the following: Suppose thatG = (V,E) is a typical instance of
G(n, d/n). Then, the Hard-core model µ on G, with fugacity λ < λc(d), is such that for any f : Ω → R>0

we have

Entµ(f) ≤
( e
θ

)1+1/α 1(
n
ℓ

) ∑
S∈(Vℓ )

µ (EntS(f)) , (5)

where ℓ = ⌈θn⌉ and θ ∈ (0, 1) is a constant satisfying ⌈θn⌉ ≥ 1/α = Ω(log n/ log logn).
Let G[S] be the subgraph of G that is induced by the vertices in the set S. On the RHS of (5), the entropy

is evaluated with respect to conditional distributions µτS , which is the Hard-core model on the subgraphG[S]
given the boundary condition τ on V \ S.

We let C(S) denote the set of connected components in G[S]. With a slight abuse of notation, we use
U ∈ C(S) to denote the set of vertices in the component U , as well. It is not hard to see that the Hard-
core model µτS , for τ ∈ ΩV \S , factorises as a product distribution over Gibbs marginals at the components
U ∈ C(S), i.e.,

µτS =
⊗

U∈C(S)

µτU .

We use the following result for the factorisation of entropy on product distributions [Ces01, CMT15, CLV21].

Lemma 3.3 ([CLV21, Lemma 4.1]). For any S ⊆ V , any τ ∈ ΩV \S , any f : Ωτ
S → R≥0,

EntτS(f) ≤
∑

U∈C(S)

µτS [EntU (f)] .

Combining Lemma 3.3 and (5) we get that

Entµ(f) ≤
( e
θ

)1+1/α
ES∼(Vℓ )

[∑
U∈C(S) µ (EntU (f))

]
, (6)

where S ∼
(
V
ℓ

)
denotes that S is a uniformly random element from

(
V
ℓ

)
.
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The above step allows us to reduce the proof of approximate tensorisation to that of the components in
C(S). We choose the parameter ℓ = ⌈θn⌉ so that the connected components in C(S) are typically small.

In light of the above, Theorem 2.4 follows by establishing two results: The first one is to derive a bound
on the constant of the approximate tensorisation of entropy for the components of size k in C(S), for each
k > 0. The second result is to derive tail bounds on the size of the components in C(S) for S ∼

(
V
ℓ

)
.

Lemma 3.4. For any fixed d > 0, for any λ < λc(d), consider G ∼ G(n, d/n). With probability 1− o(1)
over the instances of G, the following is true:

For any k ≥ 1 and H ⊆ V such that |H| = k, the Hard-core model µH on G[H] with fugacity λ satisfies
the approximate tensorization of entropy with constant

AT(k) ≤ min
{
2k2 (1 + λ+ 1/λ)2k+2 , 3 log (1 + λ+ 1/λ) · ((1 + λ)k)2+2η

}
, (7)

where η = B(log n)1/r, while B = B(d, λ) and r = r(d) ∈ (1, 2) are constants that depend on d, λ.

As far as size of the components in C(S) is concerned, we use the following result from [BGGŠ22].

Lemma 3.5 ([BGGŠ22]). Let d > 1 be a constant. There is a constant L = L(d) such that the following
holds with probability at least 1− o(1) over the G ∼ G(n, d/n). Let S ∼

(
V
ℓ

)
, while let Cv ⊆ S be the set

of vertices that are in the same component as vertex v in G[S]. For any integer k ≥ log n, it holds that

Pr[|Cv| = k] ≤ (2e)eLk
(
2ℓ

n

)k

≤ (2e)eLk (2θ)k .

Theorem 2.4 follows by combining Theorem 3.2, with Lemmas 3.5 and 3.4. For a full proof of Theo-
rem 2.4, see Section 5.

3.2. Spectral Independence with Branching Values. An important component in our analysis is to estab-
lish Spectral Independence bounds for the Hard-core model on typical instances of G(n, d/n).

For worst-case graph instances (i.e., non random), typically, we establish Spectral Independence for a
region of the parameters of the Gibbs distribution which is expressed in terms of the maximum degree ∆ of
the underlying graph G. As far as G(n, d/n) is concerned, the maximum degree does not seem to be the
appropriate graph parameter to consider for this problem.

Here, we utilise the notion of branching value. The notion of the branching value as well as its use for
establishing Spectral Independence was introduced in [BGGŠ22]. Unfortunately, the result there were not
sufficiently strong to imply rapid mixing of Glauber dynamics. Here we derive stronger results for Spectral
independence than those in [BGGŠ22] in the sense that they are more general and more accurate. Specif-
ically, in our analysis we are able to accommodate vertices of all degrees, while we use a more elaborate
matrix norm to establish spectral independence, reminiscent of those introduced in [Eft22]. Furthermore,
we utilise results from [CFYZ22] that allow us deal with the unbounded degrees of the graph in order to
establish our rapid mixing results.

Before getting to further details in our discussion, let us first introduce some basic notions. We start with
the pairwise influence matrix IΛ,τ

G and the related notion of Spectral Independence. These notions were first
introduced in [ALO20]. In this paper, we use the absolute version introduced in [FGYZ21b].

Consider a fixed graph G = (V,E). Assume that we are given a Gibbs distribution µ on the configuration
space {±1}V . We define the pairwise influence matrix IΛ,τ

G as follows: for a set of vertices Λ ⊂ V and a
configuration τ at Λ, the matrix IΛ,τ

G is indexed by the vertices in V \Λ, while for any two vertices, different
with each other v, w ∈ V \ Λ, if w can take both values ±1 given τ , we have that

IΛ,τ
G (w, u) = ||µu(· | (Λ, τ), ({w},+))− µu(· | (Λ, τ), ({w},−))||TV ; (8)

if w can only take one value in ±1 given τ , we have IΛ,τ
G (w, u) = 0. Also, we have that IΛ,τ

G (w,w) = 0

for all w ∈ V \ Λ. That is, the diagonal of IΛ,τ
G is always zero.
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Recall that, above, µu(· | (Λ, τ), ({w}, 1)) is the Gibbs marginal that vertex u, conditional that the con-
figuration at Λ is τ and the configuration at w is 1. We have the analogous for µu(· | (Λ, τ), ({w},−1)).

Definition 3.6 (Spectral Independence). For a real number η > 0, the Gibbs distribution µG onG = (V,E)
is η-spectrally independent, if for every 0 ≤ k ≤ |V | − 2, Λ ⊆ V of size k and τ ∈ {±1}Λ the spectral
radius of IΛ,τ

G satisfies that ρ(IΛ,τ
G ) ≤ η.

We bound the spectral radius of IΛ,τ
G by means of matrix norms. Specifically, we use the following norm

of IΛ,τ
G ∣∣∣∣∣∣D−1 · IΛ,τ

G ·D
∣∣∣∣∣∣
∞
, (9)

where D is the diagonal matrix indexed by the vertices in V \ Λ such that

D(u, u) =

{
degG(v)

1/χ if degG(v) ≥ 1

1 if degG(v) = 0 ,
(10)

where the parameter χ is being specified later.
Let G = (V,E) be a fixed graph. For any vertex v ∈ V and integer ℓ ≥ 0, we use Nv,ℓ to denote the

number of simple paths with ℓ+1 vertices that start from v in graphG. By definition, we have thatNv,0 = 1.

Definition 3.7 (d-branching value). Let d ≥ 1 be a real number and G = (V,E) be a graph. For any vertex
v ∈ V , the d-branching value Sv is defined by

∑
ℓ≥0Nv,ℓ/d

ℓ.

We establish spectral independence results that utilise the notion of d-branching value that are similar to
the following one.

Theorem 3.8. Let d > 1 be a real number and G = (V,E) be a graph. Let µG be the Hard-core model
with fugacity λ < λc(d). For any α > 0 such that the d-branching value Sv ≤ α for all v ∈ V the following
is true: µG is η-spectrally independent for

η ≤ C0 · α1/r ,

where C0 = C0(d, λ), while the quantity r = r(d) ∈ (1, 2) are constants.

Theorem 3.8 is a special case of a stronger result we obtain, i.e., Theorem 6.2. Also, note that Theorem 3.8
is not necessarily about G(n, d/n). As a matter of fact in order to use the above result for G(n, d/n) we
need to establish bounds on its branching value. To this end, we use the following result from [BGGŠ22].

Lemma 3.9 ([BGGŠ22, Lemma 9]). Let d ≥ 1. For any fixed d′ > d, with probability 1 − o(1) over
G ∼ G(n, d/n), the d′-branching factor of every vertex in G is at most log n.

It is worth mentioning that Lemma 3.9, here, is a weaker version of Lemma 9 in [BGGŠ22], i.e., we do
not really need the full strength of the result there.

Concluding this short introductory section about Spectral Independence, let us remark that for our re-
sults we work with the so-called Complete Spectral Independence for the Hard-core model, introduced in
[CFYZ21, CFYZ22]. This is more general a notion compared to the (standard) Spectral Independence. For
further discussion see Section 4.2.

4. ENTROPY FACTORISATION FROM STABILITY AND SPECTRAL INDEPENDENCE

In this section we establish the ℓ-block factorisation of entropy for the Hard-core model on G(n, d/n)
as it is described in Theorem 3.2. To this end, we employ techniques from [CFYZ22]. This means that we
study the Hard-core model on G(n, d/n) in terms of the stability of ratios of the marginals and the so-called
Complete Spectral Independence.
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4.1. Ratios of Gibbs Marginals & Stability. Consider the fixed graphG = (V,E) and a Gibbs distribution
µ on this graph. For a vertex w ∈ V , the region K ⊆ V \ {w} and τ ∈ {±1}K , we consider the ratio of
marginals at w denoted as RK,τ (w) such that

RK,τ
G (w) =

µw(+1 |K, τ)
µw(−1 |K, τ)

. (11)

Recall that µw(· |K, τ) denotes the marginal of the Gibbs distribution µ(· |K, τ) at vertex w. Also, note
that the above allows for RK,τ (w) = ∞, e.g., when µw(−1 |K, τ) = 0 and µw(+1 |K, τ) ̸= 0.

Definition 4.1 (Marginal stability). Let ζ > 0 be a real number. The Gibbs distribution µG on G = (V,E)
is called ζ-marginally stable if for any w ∈ V , for any Λ ⊂ V , for any configuration σ at Λ and any S ⊆ Λ
we have that

RΛ,τ
G (w) ≤ ζ and RΛ,τ

G (w) ≤ ζ ·RS,τS
G (w) . (12)

As far as the stability of the Hard-core marginals at G(n, d/n) is concerned, we prove the following
result.

Theorem 4.2 (Stability Hard-Core Model). For any fixed d > 0, for any λ < λc(d), consider G ∼
G(n, d/n) and let µG be the Hard-core model on G with fugacity λ. With probability 1 − o(1) over the

instances G, µG is 2(1 + λ)
2 logn
log logn -marginally stable.

Proof. Let ζ = 2(1 + λ)
2 logn
log logn . Also, let N(w) be the set of the neighbours of w.

For any Λ ⊆ V and any τ ∈ {±}Λ, we have that µw(+1 | Λ, τ) ≤ λ
1+λ . One can see that the equality

holds if N(w) ⊆ Λ and for every u ∈ N(w) we have that τ(w) = −1. Noting that RΛ,τ
G (w) is increasing in

the value of the Gibbs marginal µw(+1 | Λ, τ), it is immediate that

Pr
[
RΛ,τ

G (w) ≤ λ < ζ ∀Λ ⊆ V
]
= 1 . (13)

It remains to show that

Pr
[
RΛ,τ

G (w) ≤ ζ ·RS,τS
G (w) ∀Λ ⊂ V, ∀S ⊂ Λ

]
= 1− o(1) . (14)

In light of (13), (14) follows by showing that

Pr
[
RS,τS

G > 2λ (1 + λ)
−2 logn

log logn ∀Λ ⊂ V, ∀S ⊂ Λ
]
= 1− o(1) . (15)

If there is u ∈ N(w) such that τ(u) = +1, then RΛ,τ
G (w) = 0 and (14) holds trivially since RS,τS

G (w) ≥
0. We focus on the case that all vertices u ∈ N(w) ∩ Λ satisfy τ(u) = −1.

Let E be the event that none of the vertices in N(w) is occupied, while let γS be the probability of the
event E under the Gibbs distribution µ(· | S, τS). It is standard to show that

RS,τS
G =

λ
1+λγS

1− λ
1+λγS

.

Noting that the function f(x) = x
1−x is increasing in x ∈ (0, 1), while γS ≥ ( 1

1+λ)
degG(w), we have that

RS,τS
G ≥

λ
1+λ(

1
1+λ)

degG(w)

1− λ
1+λ(

1
1+λ)

degG(w)
=

λ

(1 + λ)degG(w)+1 − λ
.

From the above it is immediate to get (15). Specifically, it follows from the above inequality and Lemma B.1
which implies that for any fixed number ϵ > 0, the maximum degree in G is less than (1 + ϵ) logn

log logn with
probability 1− o(1) .

This concludes the proof of Theorem 4.2. □
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4.2. (Complete) Spectral Independence. The notions of the pairwise influence matrix IΛ,τ
G and the Spec-

tral Independence, as we introduce them in Section 3.2, are typically used to establish bounds on the spectral
gap for Glauber dynamics and hence derive bounds on the mixing time of the chain.

The authors in [CLV21], make a further use of Spectral Independence to obtain the approximate ten-
sorisation of entropy. Unfortunately, a vanilla application of their technique is not sufficient to prove our
tensorisation results, mainly, because of the unbounded degrees we typically have in G(n, d/n).

In this work, we exploit ideas from [CLV21] together with the related notion of the Complete Spectral
Independence, in order to establish our factorisation results for the entropy in Theorem 3.2. Specifically, we
utilise the connection between complete spectral independence and the ℓ block factorisation of entropy that
was established in [CFYZ22] (see further details in the following section).

Since the notions of the pairwise influence matrix IΛ,τ
G and the Spectral Independence are so important,

let us recall them once more, even though they have already been defined in Section 3.2. Consider a fixed
graph G = (V,E). Assume that we are given a Gibbs distribution µ on the configuration space {±1}V .

We define the pairwise influence matrix IΛ,τ
G as follows: for a set of vertices Λ ⊂ V and a configuration

τ at Λ, the matrix IΛ,τ
G is indexed by the vertices in V \Λ, while for any two vertices v, w ∈ V \Λ, different

with each other, if w can take both values ±1 given τ , we have that

IΛ,τ
G (w, u) = ||µu(· | (Λ, τ), ({w},+))− µu(· | (Λ, τ), ({w},−))||TV ; (16)

if w can only take one value in ±1 given τ , we have IΛ,τ
G (w, u) = 0. Also, we have that IΛ,τ

G (w,w) = 0

for all w ∈ V \ Λ. That is, the diagonal of IΛ,τ
G is always zero.

Recall that, above, µu(· | (Λ, τ), ({w}, 1)) is the Gibbs marginal that vertex u, conditional that the con-
figuration at Λ is τ and the configuration at w is 1. We have the analogous for µu(· | (Λ, τ), ({w},−1)).

Definition 4.3 (Spectral Independence). For a real number η > 0, the Gibbs distribution µG onG = (V,E)
is η-spectrally independent, if for every 0 ≤ k ≤ |V | − 2, Λ ⊆ V of size k and τ ∈ {±1}Λ the spectral
radius of IΛ,τ

G satisfies that ρ(IΛ,τ
G ) ≤ η.

We proceed to introduce the Complete Spectral Independence. First, consider the notion of the Magnetis-
ing operation.

Definition 4.4 (Magnetising operation). Let µG be a Gibbs distribution on the graph G = (V,E). For any
local fields ϕ⃗ ∈ RV

>0, the magnetised distribution ϕ⃗ ∗ µ satisfies

∀σ ∈ {±1}V , (ϕ⃗ ∗ µ)(σ) ∝ µ(σ)
∏

v∈V :σv=+1

ϕv .

We denote ϕ⃗ ∗ µ by ϕ ∗ µ if ϕ⃗ is a constant vector with value ϕ.

Suppose that µ is the Hard-core model on G with fugacity λ. It is immediate that the magnetisied
distribution ϕ⃗ ∗ µ can be viewed as the non-homogenious Hard-core model such that each vertex v has its
own fugacity λv = λ · ϕv.

Definition 4.5 (Complete Spectral Independence). For two reals η > 0 and ξ > 0, the Gibbs distribution
µG on G = (V,E) is (η, ξ)-completely spectrally independent, if the magnetised distribution ϕ⃗ ∗ µ is η-
spectrally independent for all ϕ⃗ ∈ (0, 1 + ξ]V .

As far as the Hard-core model on the random graph G(n, d/n) is concerned, we prove the following
result.

Theorem 4.6. For any fixed d > 1 and λ < λc(d), there exist bounded constants r = r(d, λ) ∈ (1, 2),
B = B(d, λ) > 0 and s = s(d, λ) > 0 such that the following holds:

Consider G ∼ G(n, d/n) and let µG be the Hard-core model on G with fugacity λ. With probability
1− o(1) over the instances of G, µG is (B · (log n)1/r, s)-completely spectrally independent.
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The proof of Theorem 4.6 appears in Section 6.

4.3. Entropy Block Factorisation - Proof of Theorem 3.2. The following theorem, from [CFYZ22], al-
lows us to derive a bound on the ℓ- block factorisation parameter of the entropy by using the result in
Theorem 4.2 for the stability of Gibbs marginals and the result in Theorem 4.6 for Complete Spectral Inde-
pendence.

Theorem 4.7 ([CFYZ22, Lemma 2.3]). Let η > 0, ξ > 0 and ζ > 0 be parameters. Let µG be a Gibbs
distribution on G = (V,E). If µG is (η, ξ)-completely spectrally independent and ζ-marginally stable, then
for any 1/α ≤ ℓ < n, µG satisfies the ℓ block factorisation of entropy with parameter C = ( enℓ )

1+1/α,
where

α = min

{
1

2η
,

log(1 + ξ)

log(1 + ξ) + log 2ζ

}
.

Proof of Theorem 3.2. From Theorem 4.6 we have the following: with probability 1−o(1) over the instances
of G we have that µG is (η, s)-completely spectrally independent where s = s(d, λ) is constant, while

η = B · (log n)1/r = o

(
log n

log logn

)
,

where B = B(d, λ) and r = r(d, λ) ∈ (1, 2) are constants specified in the statement of Theorem 4.6. The
second equality above follows by noting that 1/r < 1, bounded away from 1.

Furthermore, from Theorem 4.2 we have the following: With probability 1 − o(1) over the instances of
G, the distribution µG is ζ-marginally stable, where

ζ ≤ 2(1 + λ)
2 logn
log logn .

In light of all the above, the theorem follows by plugging the above values into Theorem 4.7. □

5. APPROXIMATE TENSORISATION OF ENTROPY

In this section we prove our results related to the approximate tensorisation of the entropy. These are
Theorem 2.4 and Lemma 3.4.

5.1. Proof of Theorem 2.4. In this section we give the full proof of Theorem 2.4. Recall the high level
description of the steps we follow towards this endeavour in Section 3.1.

Proof of Theorem 2.4. From Theorem 3.2 we have the following: For d > 1 and λ < λc(d), consider G ∼
G(n, d/n), while let µ = µG be the Hard-core model on G with fugacity λ. Let the number θ = θ(d, λ) in
the interval (0, 1) be a parameter whose value is going to be specified later. Then, with probability 1− o(1)
over the instances of G, for ℓ = ⌈θn⌉ and for any f : Ω → R>0 we have that

Entµ(f) ≤
( e
θ

)1+1/α 1(
n
ℓ

) ∑
S∈(Vℓ )

µ (EntS(f)) . (17)

Recall that C(S) denotes the set of connected components in G[S], the subgraph that is induced by
vertices in S. With a slight abuse of notation, we use U ∈ C(S) to denote the set of vertices in the
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component U . By the conditional independence property of the Gibbs distribution and Lemma 3.3, we have

Entµ(f) ≤
( e
θ

)1+1/α 1(
n
ℓ

) ∑
S∈(Vℓ )

∑
U∈C(S)

µ (EntU (f))

(by Lemma 3.4 ) ≤
( e
θ

)1+1/α 1(
n
ℓ

) ∑
S∈(Vℓ )

∑
U∈C(S)

AT(|U |)
∑
v∈U

µ[Entv(f)]

≤
( e
θ

)1+1/α∑
v∈V

µ[Entv(f)]
∑
k≥1

AT(k) Pr[|Cv| = k] , (18)

where Cv is the connected component in G[S], where S is sampled from
(
V
ℓ

)
uniformly at random. In order

to bound the innermost summation on the R.H.S. of (18) we distinguish two cases for k. For 1 ≤ k ≤ log n,
we use the trivial bound Pr[|Cv| = k] ≤ 1, while Lemma 3.4 implies that

logn∑
k=1

AT(k) Pr[|Cv| = k] ≤
logn∑
k=1

AT(k) =

logn∑
k=1

3 log
(
1 + λ+ λ−1

)
· ((1 + λ)k)2+2η

≤ 3 log
(
1 + λ+ λ−1

)
· log n · ((1 + λ) log n)2+2η

≤ 3 log
(
1 + λ+ λ−1

)
· ((1 + λ) log n)3+2η ,

where η = B(log n)1/r, for constants B = B(d, λ) and r = r(d) ∈ (1, 2). Elementary calculations imply
that

logn∑
k=1

AT(k) Pr[|Cv| = k] ≤ 3 log
(
1 + λ+ λ−1

)
· ((1 + λ) log n)3+2η ≤ nx , (19)

for x = o
(

1
log logn

)
.

For k ≥ log n, we use the bound in Lemma 3.5 for Pr[|Cv| = k], while from Lemma 3.4 we have∑
k≥logn

AT(k) Pr[|Cv| = k] ≤ 2k2
(
1 + λ+ λ−1

)2k+2
(2e)eLk(2θ)k ,

where L = L(d) is the parameter in Lemma 3.5. We choose sufficiently small θ = θ(d, λ) such that

∀k ≥ 1, 2k2
(
1 + λ+ λ−1

)2k+2
(2e)eLk(2θ)k ≤ (1/2)k .

This implies that ∑
k≥logn

AT(k) Pr[|Cv| = k] ≤
∑

k≥logn

(
1

2

)k

≤ 1 . (20)

Plugging (19), (20) into (18), we get the following: With probability 1 − o(1) over the instances of G we
have that

Entµ(f) ≤
( e
θ

)1+1/α
(
n

(
1

log logn

)
+ 1

)∑
v∈V

µ[Entv(f)] .

Since, by Theorem 3.2 we have that 1
α = K( logn

log logn), for a constant K = K(d, λ), and θ = θ(d, λ) is also
a constant, the above inequality can be written as follows: there is a constant A = A(d, λ) such that

Entµ(f) ≤ n

(
A

log logn

)∑
v∈V

µ[Entv(f)] .

The above concludes the proof of Theorem 2.4. □
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5.2. Proof of Lemma 3.4. Lemma 3.4 follows as a corollary from the following result.

Lemma 5.1. Let λ > 0, let the graph G = (V,E), while let µG be the Hard-core model on G with
fugacity λ. Let M ⊆ V be a subset of vertices and σ ∈ {±1}V \M on V \M . The conditional distribution
µM (· | V \M,σ) satisfies the approximate tensorisation of entropy with constant

C = 2|M |2 (1 + λ+ 1/λ)2|M |+2 . (21)

Furthermore, if µ is η-spectrally independent, for some number η, then µM (· | V \ M,σ) satisfies the
approximate tensorisation of entropy with constant

C = 3 log (1 + λ+ 1/λ) · ((1 + λ)|M |)2+2η . (22)

In light of Lemma 5.1 the proof of Lemma 3.4 is straightforward. In what follows, we provide its proof
for the sake of completeness.

Proof of Lemma 3.4. The first bound in (7) follows directly from the first part of Lemma 5.1. We now prove
the second bound in (7).

By Theorem 4.6, with probability 1 − o(1) we have that µG is (B(log n)1/r, s)-completely spectrally
independent, where r = r(d, λ) ∈ (1, 2), B = B(d, λ) > 0 and s = s(d, λ) > 0. As a consequence, µG is
B(log n)1/r-spectrally independent with probability 1− o(1). Hence, the second bound in (7) follows from
the second part of Lemma 5.1. □

Proof of Lemma 5.1. Note that this result is for a fixed graph G. Also, since we talk about tensorisation of
entropy, w.l.o.g. assume that |M | ≥ 2.

For brevity, we use π to denote the distribution µM (· | V \M,σ). We use Ω ⊆ {±1}M to denote the
support of the distribution π. Let P : Ω × Ω → R≥0 denote the transition matrix of the Glauber dynamics
on π. It is elementary to verify that the Glauber dynamics on Ω is ergodic.

The Poincaré inequality for π is that

∀f : Ω → R≥0 : γVarπ[f ] ≤
1

|M |
∑
v∈Λ

π[Varv(f)] ,

where γ is the Poincaré constant, a.k.a. spectral gap of P . The log-Sobolev inequality for π is that

∀f : Ω → R≥0 : αEntπ[f ] ≤
1

|M |
∑
v∈Λ

π[Varv(
√
f)] ,

where α is the log-Sobolev constant.
The following well-known inequality from [CMT15, Proposition 1.1] relates C, the approximate tensori-

sation constant we want to bound, and the log-Sobolev constant α. We have that

C ≤ 1

α|M |
.

From [DSC96, Corollary A.4] we have the following relation between γ and α

α ≥ 1− 2πmin

log(1/πmin − 1)
· γ, where πmin = min

σ∈Ω
π(σ) .

We may assume |Ω| ≥ 3, as |Ω| ≤ 2 is the trivial case in which C ≤ 1. It holds that πmin ≤ 1
3 . Combining

the above two inequalities together, we have

C ≤ 3 log(1/πmin)

|M |γ
. (23)

Next, we use Cheeger’s inequality to derive a crude lower bound on the spectral gap γ. Recall that Cheeger’s
inequality implies that

γ ≥ Φ2/2 , (24)
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where

Φ = min
Ω0⊆Ω:π(Ω0)≤ 1

2

1

π(Ω0)

∑
x∈Ω0

∑
y∈Ω\Ω0

π(x)P (x, y) ,

and (as defined above) P is the transition matrix of the Glauber dynamics.
Since the Glauber dynamics is ergodic, for any Ω0 ⊂ Ω, there exists x ∈ Ω0 and y ∈ Ω \ Ω0 such that

P (x, y) > 0. By the definition of the Glauber dynamics, such x and y satisfy P (x, y) ≥ 1
|Λ| min{ 1

1+λ ,
λ

1+λ}.
Hence, we have that

Φ ≥ 2πmin

|M |
min

{
1

1 + λ
,

λ

1 + λ

}
. (25)

Plugging (24) and (25) into (23), we get that

C ≤ 3

2

|M | log(1/πmin)(
πmin ·min

{
1

1+λ ,
λ

1+λ

})2 .

Finally, for the Hard-core model, the quantity πmin can be lower bounded as

πmin ≥ min{1, λ|M |}
(1 + λ)|M | , (26)

which implies

C ≤ 2|M |2 (1 + λ+ 1/λ)2|M |+2 .

The above proves (21).
We proceed with the proof of (22). Recall that, now, we further assume that µ is η-spectrally independent.

From the definition of spectral independence, it is straightforward to see that π is also spectrally independent.
Hence, for any 0 ≤ k ≤ |M | − 2, any S ⊆ M with |S| = k and any feasible pinning σ ∈ {±1}S , the
spectral radius of the influence matrix IS,σ

π satisfies

ρ(IS,σ
π ) ≤ η .

Furthermore, given any condition σ on S, for any v /∈ S, it holds that πS,σv (+1) ≤ λ
1+λ . This implies that

for any u, v /∈ S, it holds that

IS,σ
π (u, v) ≤ λ

1 + λ
,

which it turn implies that

ρ(IS,σ
π )

|M | − k − 1
≤ λ

1 + λ
.

By [FGYZ21b, Theorem 3.2], the spectral gap γ can be lower bounded by

γ ≥
(

1

(1 + λ)|M |

)2+2η

.

For the sake of completeness Theorem 3.2 from [FGYZ21b] can be found in the Appendix as Lemma A.1.
Plugging the above into (23), we get that

C ≤ 3 log(1/πmin)

|M |
· ((1 + λ)|M |)2+2η .

Finally, by the lower bound in (26), we have

C ≤ 3 log (1 + λ+ 1/λ) · ((1 + λ)|M |)2+2η .

The above concludes the proof of Lemma 3.4. □
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6. PROOF OF THEOREM 4.6 - COMPLETE SPECTRAL INDEPENDENCE

In this section we establish that on typical instances of G ∼ G(n, d/n) the Hard-core model µ with
fugacity λ < λc(d) exhibits complete spectral independence in the way that is specified in Theorem 4.6.

As a first step we establish spectral independence bounds for the Hard-core model on a fixed graph of a
given d-branching value (see Definition 3.7), for some d > 1. Critically, the fugacity λ is upper bounded by
λc(d).

We introduce the non-homogenious Hard-core model, i.e., every vertex u has its own fugacity λu. Specif-
ically, for λ = (λv)v∈V such that λv ∈ R>0, for all v ∈ V , we define the non-homogenious Hard-core
mode µG,λ such that for any σ ∈ {±}V we have that

µG,λ(σ) ∝
∏

v∈V :σv=+ λv . (27)

For the sake brevity, in what follows, we let ||λ||∞ denote the maximum value over {λv}v∈V .
Note that we employ the potential method in order to establish our spectral independence. Specifically,

we use the following lemma from [SSŠY17].

Lemma 6.1 ([SSŠY17]). Let d > 1 and λ > 0 be parameters satisfying λ < λc(d). Let χ = χ(d) ∈ (1, 2)
be a parameter defined as χ = (1− d−1

2 log(1 + 1
d−1))

−1. Let a = χ
χ−1 and Φ(x) = 1√

x(x+1)
. There exists

0 < κ = κ(λ) < 1/d such that the following holds for any integer k ≥ 1: for any x1, x2, . . . , xk ≥ 0 and
x = λ

∏k
i=1

1
1+xi

, it holds that Φ(x)a
∑k

i=1(
x

(1+xi)Φ(xi)
)a ≤ κa/χ.

We derive the following general result for spectral independence for the non-homogenous Hard-core
model on a fixed graph G it terms of its d-branching value.

Theorem 6.2. Let d > 1 be a real number. For the graph G = (V,E), let µG,λ be the non-homogenious
Hard-core model such that ||λ||∞ < λc(d).

For any α > 0 such that the d-branching value Sv ≤ α for all v ∈ V the following is true: µG,λ is
η-spectrally independent for

η ≤W · α1/χ ,

where W =W (d, ||λ||∞), while the quantity χ = χ(d) ∈ (1, 2) is from Lemma 6.1.

Note that Theorem 6.2 is about spectral independence, of the non-homogenious Hard-core model, while
Theorem 4.6 is about complete spectral independence of the (homogenious) Hard-core model.

We prove Theorem 4.6 from Theorem 6.2 and Lemma 3.9.

Proof of Theorem 4.6. Recall that for Theorem 4.6 we assume that λ < λc(d). This implies that we can
choose d̃ such that d̃ > d, while

λ < λc(d̃) .

Note that the inequality is strict. The above follows by noting that the function λc(x) is continuous and
strictly decreasing for x > 1. Also, choose λ̃ such that

λ < λ̃ < λc(d̃) .

Note that both quantities λ̃ and d̃ depend only on d, λ, i.e., we have that d̃ = d̃(d, λ) and λ̃ = λ̃(d, λ).
We prove the theorem by showing that with probability 1 − o(1) over the instances of G we have the

following: the Hard-core model on G with fugacity λ, denoted as µG, is (η, s)-completely spectrally inde-
pendent, where

η = B · (log n)
1
r and s = λ̃/λ− 1 , (28)

for constants B = B(d, λ) > 0 and r = r(d) ∈ (1, 2).
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Consider first the fixed graph G = (V,E) and external fields ϕ⃗ ∈ (0, 1 + s]V . It is straightforward that
the distribution ϕ⃗ ∗ µG corresponds to the non-homogenious Hard-core model µG,λ such that ||λ||∞ ≤ λ̃ <

λc(d̃).
Theorem 6.2 implies the following for µG,λ: for any α > 0 such that the d̃-branching value Sv ≤ α for

all v ∈ V , the distribution µG,λ is ζ-spectral independent where

ζ ≤W · α1/χ , (29)

for W =W (d̃, ||λ||∞) specified in Theorem 6.2, while the quantity χ = χ(d̃) ∈ (1, 2) is from Lemma 6.1.
The above imply that µG, the (homogenous) Hard-core model on G with fugacity λ is (B · α1/χ, s)-

completely spectrally independent.
Note that since W depends on d̃ and λ̃ = ||λ||∞, which in turn depend on d, λ, we have that W depends

only on d and λ. With the same argument, the parameter χ, above, depends only on d and λ.
As far as G ∼ G(n, d/n) is concerned, we work as follows: since, d̃ > d, Lemma 3.9 implies that with

probability 1 − o(1) over the instances of G the d̃-branching value Sv, for all v ∈ V , satisfies Sv ≤ log n.
In light of this observation, the theorem follows from (29) by having B =W (d̃, ||λ||∞) and r = χ(d̃). □

6.1. A Bound on the Eigenvalue via Weighted Total Influence - Proof of Theorem 6.2. We use the
following result to prove Theorem 6.2.

Theorem 6.3. Let d > 1 be a real number and G = (V,E) be a graph. For λ ∈ RV
>0, let µG,λ be the

non-homogenious Hard-core model on G, while assume that ||λ||∞ < λc(d). Also, let IG be the influence
matrix induced by µG,λ.

For any α > 0 such that the d-branching value Sv ≤ α for all v ∈ V the following is true: There exists
a constant W =W (d, ||λ||∞) such that

∀r ∈ V,
∑
u∈V

IG(r, u) · degG(u)1/χ ≤W · (α · degG(r))
1/χ ,

while χ = χ(d) ∈ (1, 2) is from Lemma 6.1.

Theorem 6.3 is proved in Section 7. Now, we are ready to prove Theorem 6.2.

Proof of Theorem 6.2. To prove Theorem 6.2 we focus on the spectral radius of IΛ,σ
G , i.e., ρ(IΛ,σ

G ), and
show that for any choice of Λ ⊂ V and σ ∈ {±1}Λ we have

ρ(IΛ,σ
G ) ≤W · α1/χ , (30)

Theorem 6.2 follows immediately once we show the above.
Before proving (30), let us make some useful observations. Suppose that we have the non-homogenous

Hard-core model with fugacities λ ∈ RV
>0 on the graph G = (V,E), while at the set of vertices Λ we have

the configuration τ . Then, it is elementary to verify that this distribution is identical to the non-homogenous
Hard-core model on the graph G′ = (V ′, E′) with fugacities (λv)v∈V ′ , such that G′ is obtained from G by
working as follows: we remove from G every vertex w which either belongs to Λ, or has a neighbour u ∈ Λ
such that τ(u) = +1, i.e., u is “occupied” under τ .

Additionally, consider the matrices IΛ,σ
G and IG′ induced by the aforementioned Gibbs distributions,

respectively. It is not hard to see that IG′ is a principal submatrix of IΛ,σ
G obtained by removing columns

and rows that correspond to vertices w ∈ V \ Λ that have a neighbour u ∈ Λ such that τ(u) = +1. Note
that the rows and columns we remove from IΛ,σ

G in order to obtain IG′ consist of entries which are zero.
Using the above observation, it is an easy exercise in linear algebra to verify that any additional eigenval-

ues that IΛ,τ
G might have, compared to IG′ , these can only be equal to zero. Hence, we derive the following

relation for the spectral radii of the two matrices:

ρ(IΛ,τ
G ) = ρ(IG′) .
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Furthermore, note that the branching value is non-increasing when removing vertices. Hence, if we have
G,λ, d and α that satisfy the conditions in Theorem 6.2, then G′, (λv)v∈V ′ , d and α satisfy the same condi-
tions, as well.

In light of all the above and without loss of generality, we can ignore the pinning and consider the
influence matrix IG.

Hence, instead of proving (30) we consider the following equivalent problem. Consider the graph G =
(V,E), while we have α > 0 and d > 1 such that the d-branching value Sv ≤ α for all v ∈ V . Also, for
λ ∈ RV

>0 such that ||λ||∞ < λc(d) consider µ = µG the non-homogenous Hard-core model on G with
fugacities λ, while let IG be the corresponding pairwise influence matrix (without boundary conditions).

It suffices to show that

ρ(IG) ≤Wα1/χ , (31)

for W,α, χ specified in the statement of Theorem 6.2.
To this end, we use the matrix norm introduced in Section 3.2. Specifically, it is standard that

ρ(IG) ≤
∣∣∣∣D−1 · IG ·D

∣∣∣∣
∞ , (32)

where D is the diagonal matrix indexed by the vertices in V \ Λ such that

D(u, u) =

{
degG(v)

1/χ if degG(v) ≥ 1

1 if degG(v) = 0 ,

while χ = χ(d) ∈ (1, 2) is from Lemma 6.1.
Noting that IG, D are non-negative matrices, from the definition of the matrix norm ||·||∞, we have that∣∣∣∣D−1 · IG ·D

∣∣∣∣
∞ = max

v∈V

∑
u∈V

IG(v, u) ·D(u, u)

D(v, v)

= max
v∈V :

degG(v)>0

∑
u∈V

IG(v, u) · degG(u)1/χ

degG(v)
1/χ

≤Wα1/χ .

The second equality follows from the observation that for the isolated vertices v, i.e., degG(v) = 0, we have
that IG(v, u) = 0 for all u ∈ V . The last inequality is due to Theorem 6.3. Hence, (31) follows by plugging
the above into (32).

The theorem follows. □

7. BOUND THE TOTAL INFLUENCE VIA SELF-AVOIDING WALK TREE - PROOF OF THEOREM 6.3

Let G = (V,E) be a graph, while assume there is a total order for the vertices in V .
A self-avoiding walk (SAW) in G is a path v1, v2, . . . , vℓ in G such that vi ̸= vj for all i ̸= j. Fix a

vertex r ∈ V . We define the SAW-tree TSAW(r), the tree of self-avoiding walks, starting from r, as follows:
Consider the set consisting of every walk v0, . . . , vℓ in the graph G that emanates from vertex r, i.e., v0 = r,
while one of the following two holds
K.1: v0, . . . , vℓ is a self-avoiding walk,
K.2: v0, . . . , vℓ−1 is a self-avoiding walk, while there is j ≤ ℓ− 3 such that vℓ = vj .
Each one of the walks in the set corresponds to a vertex in TSAW(r). Two vertices in TSAW(r) are adjacent
if the corresponding walks are adjacent. Note that two walks in the graph G are considered to be adjacent if
one extends the other by one vertex ‡.

‡E.g. the walks P ′ = w0, w1, . . . , wℓ and P = w0, w1, . . . , wℓ, wℓ+1 are adjacent with each other.
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We also use the following terminology: for vertex u in TSAW(r) that corresponds to the walk v0, . . . , vℓ
in G we say that “u is a copy of vertex vℓ in TSAW(r)”. For every vertex v in the graph G, we use Cv to
denote the set of copies of v in the SAW-tree TSAW(r).

For λ ∈ RV
>0, consider the non-homogenious Hard-core model µG,λ on the graph G. We specify the

non-homogenious Hard-core model µT,λ on TSAW(r) such that all the vertices in Cv have fugacity λv, for
all v ∈ V .

We use Λ to denote the set of cycle-closing vertices in SAW-tree TSAW(r), i.e., those that correspond to
the paths of the kind K.2. Let σ ∈ {±1}Λ denote the pinning induced by the SAW-tree obtained by working
as follows: for z ∈ Λ that corresponds to the path w0, . . . wℓ we set σ(z) such that

(a) −1 if wℓ > wℓ−1,
(b) +1 otherwise.

Λ is a subset of the leaves of TSAW(r), and hence, σ is a pinning of a subset of the leaves. Note that,
potentially, there are leaves in T which do not belong to Λ. These are copies of vertices in G which are of
degree 1.

The above construction gives rise to the conditional Hard-core distribution µΛ,σT,λ on the SAW-tree T =

TSAW(r). Let IΛ,σ
T denote the influence matrix induced by µΛ,σT,λ.

Recall that IG corresponds to the the influence matrix induced by µG,λ. We have the following result that
relates the influence matrices IG and IΛ,σ

T .

Lemma 7.1 ([CLV20, Lemma 8] ). For every vertex v ̸= r in G, it holds that

IG(r, v) =
∑
u∈Cv

IΛ,σ
T (r, u) .

The above result is very useful in that it allows us to study the influence matrix IG by means of the matrix
IΛ,σ
T which is much simpler to analyse due to the tree underlying structure. In light of the above, we also

use the following result from [ALO20].

Lemma 7.2 ([ALO20, Lemma B.2]). Consider the tree T = (VT , ET ) and and let µ be a Gibbs distribution
on {±1}V . For any three vertices u, v, w ∈ VT such that u is on the path from v to w, for any M ⊆
V \ {u, v, w} and any τ ∈ {±1}M we have that

IM,τ (v, w) = IM,τ (v, u) · IM,τ (u,w) .

Note that in [ALO20] the influence matrix is defined in a slightly different way than what we have here.
Specifically, the matrix IG we define here can be obtained from the influence matrix in [ALO20] by taking
the absolute value of its entries. Even though Lemma 7.2 was proved for the influence matrix in [ALO20],
it is straightforward that it also holds for the influence matrix we define here.

An observation that we use is that for all vertices z /∈ Λ in TSAW(r) have the following property: suppose
that z ∈ Cw for w ∈ V , then we have that

degT (z) = degG(w) . (33)

In light of Lemmas 7.1 and 7.2, Theorem 6.3 follows by bounding the total influence on the tree TSAW(r)
from the root. The following is the main technical result in this section.

Proposition 7.3. Let d > 1 be a real number and T = (VT , ET ) be a tree rooted at r ∈ V . Let λ ∈ RV
>0

such that ||λ||∞ < λc(d). Let µT,λ be the non-homogenius Hard-core model on T with fugacity λ. For any
α > 0 such that the d-branching value Sr ≤ α, the following is true:

There exists a constant D = D(d, ||λ||∞) such that for any Λ subset of the leaves of T , for any σ ∈
{±1}Λ we have that ∑

u∈V \{r}

IΛ,σ
T (r, u) · degT (u)1/χ ≤ D · (α · degT (r))

1/χ ,
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where χ = χ(d) ∈ (1, 2) is defined in Lemma 6.1.

Proof of Theorem 6.3. Given graph G, fix a vertex r ∈ V . Our focus is on bounding the weighted sum∑
u∈V |IG(r, u)|degG(u)1/χ.
We construct the SAW-tree T = TSAW(r) together with the pinning σ on a subset of leaf vertices Λ, as we

describe at the beginning of Section 7. We have the non-homogenous Hard-core model on T such that every
vertex w, a copy of v ∈ V in T , has fugacity λv. Let IΛ,σ

T denote the influence matrix that corresponds to
this distribution.

Lemma 7.1 implies that for any u ∈ V we have

IG(r, u) · degG(u)1/χ = degG(u)
1/χ ·

∑
v∈Cu

IΛ,σ
T (r, v)

= degG(u)
1/χ ·

∑
v∈Cu\Λ

IΛ,σ
T (r, v) (34)

(by (33)) =
∑

v∈Cu\Λ

IΛ,σ
T (r, v) degT (v)

1/χ

=
∑
v∈Cu

IΛ,σ
T (r, v) degT (v)

1/χ . (35)

In both (34) and (35) we use the observation that for all w ∈ Cv ∩Λ, we have IΛ,σ
T (r, w) = 0, i.e., since the

assignment of w is fixed to σ(w), the root has zero influence on w. Hence, we conclude that∑
u∈V

IG(r, u) · degG(u)1/χ =
∑
u∈V

∑
v∈Cu

IΛ,σ
T (r, v) degT (v)

1/χ . (36)

We let d̃ be the solution to the equation λc(d̃) = 1
2(λ + λc(d)). Note that d̃ depends only on d and λ.

Also, we have that

(a) λ < λc(d̃) < λc(d) and (b) d̃ > d .

The inequality in (a) follows from the fact that λc(d̃) is the average of λ, λc(d) and λ < λc(d). Also, (b)
follows from the observation that λc(d) > λc(d̃) and that λc(x) is monotonically decreasing in x > 1.

Let ϕr be the d̃-branching value of r in SAW-tree T = TSAW(G, r). Let ψr be the d-branching value of
vertex r in graph G. Note that there is a unique vertex in G that corresponds to the root of the SAW-tree.

We claim that there exists a constant K = K(d, λ) > 1 such that

ϕr ≤ K · ψr ≤ K · α, (37)

where α satisfying α ≥ ψr is specified in the statement of Theorem 6.3.
Before showing that (37) is true, let us show how we can use it to prove Theorem 6.3. Using Propo-

sition 7.3 with d̃-branching values (note that λ < λc(d̃)), we have the following: there exists constants
D = D(d̃, λ) and χ = χ(d̃) such that∑

u∈V
I(Λ,σ)
T (r, u) · degT (u)1/χ ≤ D (ϕr · degT (r))

1/χ

(by (37)) ≤ D · (K · α · degT (r))
1/χ .

In light of the above, Theorem 6.3 follows by plugging the above inequality into (36) and setting W =
D ·K1/χ. Note that W is a constant that depends only on d and λ.

We conclude the proof of Theorem 6.3 by showing that (37) is true. Let NT
r,ℓ be the number of simple

paths in T of length ℓ, starting from the root r. Fix such a path P = (v0 = r, v1, v2, . . . , vℓ) in the tree T . It
follows from the definition of the SAW-tree T that P corresponds to one of the following two types of paths
in G.
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Type 1: P is a simple path of length ℓ starting from r in graph G;
Type 2: the prefix v0, v1, . . . , vℓ−1 is a simple path length ℓ − 1 starting from r in graph G and vℓ is a

cycle-closing vertex such that vℓ = vi for some i ≤ ℓ− 3.
Let NG

r,ℓ be the number of length ℓ paths in G that start from r and are of Type 1. Let N̄G
r,ℓ be the number of

length ℓ paths in G that start from r and are of Type 2. We have the following relation

∀ℓ ≥ 1, NT
r,ℓ = NG

r,ℓ + N̄G
r,ℓ ≤ NG

r,ℓ + ℓNG
r,ℓ−1 . (38)

For the second inequality, we use the observation that N̄G
r,ℓ ≤ ℓNG

r,ℓ−1.

Recall that ϕr is the d̃-branching value of r in SAW-tree T = TSAW(G, r). We have that

ϕr =
∑
ℓ≥0

NT
r,ℓ

d̃ℓ
= 1 +

∑
ℓ≥1

NT
r,ℓ

d̃ℓ

(by (38)) ≤ 1 +
∑
ℓ≥1

NG
r,ℓ

d̃ℓ
+
∑
ℓ≥0

(ℓ+ 1)NG
r,ℓ

d̃ℓ+1

=
∑
ℓ≥0

NG
r,ℓ

d̃ℓ

(
1 +

ℓ+ 1

d̃

)
.

Since d̃ > d > 1 and d̃ is determined by d and λ, there exists a constant K = K(d, λ) ≥ 1 such that

∀ℓ ≥ 0,
1

d̃ℓ

(
1 +

ℓ+ 1

d̃

)
≤ K

dℓ
.

In turn, the above implies that

ϕr ≤ K ·
∑
ℓ≥0

NG
r,ℓ

dℓ
= K · ψr ≤ K · α.

This proves (37).
All the above conclude the proof of Theorem 6.3. □

7.1. Proof of Proposition 7.3. For Λ ⊆ VT \ {r} and σ ∈ {±1}Λ, recall from Section 4.1 the ratio of
marginals at the root RK,τ

T (r) such that

RΛ,σ
T (r) =

µr(+1 | Λ, σ)
µr(−1 | Λ, σ)

. (39)

Recall, also, that µr(· | Λ, σ) denotes the marginal of the Gibbs distribution µT,λ(· | Λ, σ) at the root r.
For a vertex u ∈ VT , we let Tu be the subtree of T that includes u and all its descendents. We always

assume that the root of Tu is the vertex u. With a slight abuse of notation, we let RΛ,σ
u denote the ratio of

marginals at the root for the subtree Tu, where the Gibbs distribution is, now, with respect to Tu, while we
impose the boundary condition σ(K ∩ Tu).

Letting v1, v2, . . . , vk denote the children of v, it is standard to get the following recursion

RΛ,σ
v = λv

k∏
i=1

1

1 +RΛ,σ
vi

. (40)

Let A ⊆ VT includes all w ∈ VT such that the path from the root r to w there is a vertex v ∈ Λ. Also, let
B includes all w ∈ VT such that w has a child u ∈ Λ and σ(u) = +1. Define the set

F = Λ ∪A ∪B .

Given the condition (Λ, σ), it is standard to show that IT (r, w) = 0, for any w ∈ F . We call the vertices in
VT \ F the free vertices.
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We define a set of parameters (αv)v∈V as follows: for each leaf vertex v we have αv = 1. For every non-
leaf vertex v, let v1, v2, . . . , vk denote the children of v and define αv = 1+ 1

d

∑k
i=1 αvi . It is straightforward

to verify that αv is the d-branching value of v ∈ V in the subtree Tv rooted at v. Hence, it holds that αr ≤ α.
For the sake of brevity, in what follows, we abbreviate IΛ,σ

T and RΛ,σ
v to IT and Rv, respectively. Let

L(h) denote the set of all vertices at distance h from the root r. Let χ ∈ (1, 2) be the parameter and Φ(·) be
the function in Lemma 6.1. We claim that

∀h ≥ 1,
∑

v∈L(h)\F

(
αv

αr

)1/χ IT (r, v)
RvΦ(Rv)

≤ d1/χ
√

degT (r)(dκ)
(h−1)/χ , (41)

where

κ = sup
0<x≤||λ||∞

κ(x) < 1/d, (42)

is the parameter, where the function κ(x) is specified in Lemma 6.1. Hence, the parameter κ in (41) depends
only on ||λ||∞. We remark that all the ratios in the above inequality are well-defined because αr ≥ 1 and
for any free vertex v /∈ F , it holds that 0 < Rv <∞.

Before proving that (41) is true, we show how we can use it to prove the proposition. Note that αv ≥ 1
for all v ∈ VT . Since d > 1, we have

αv ≥ 1 +
1

d
(degT (v)− 1) ≥ degT (v)

d
.

Note that IT (r, v) = 0 for all fixed v ∈ F . Hence, the weighted total influence can be bounded as follows∑
v∈VT :v ̸=r

IT (r, v) · degT (v)1/χ =
∑

v∈VT \F :v ̸=r

IT (r, v) · degT (v)1/χ

≤
∑

v∈VT \F :v ̸=r

|IT (r, v)|(dαv)
1/χ

= (dαr)
1/χ

∑
v∈VT \F :v ̸=r

(
αv

αr

)1/χ

|IT (r, v)|

(since RvΦ(Rv) ≤ 1) ≤ (dαr)
1/χ

∑
v∈VT \F :v ̸=r

(
αv

αr

)1/χ |IT (r, v)|
RvΦ(Rv)

(43)

= (dαr)
1/χ

∞∑
h=1

∑
v∈L(h)\F

(
αv

αr

)1/χ |IT (r, v)|
RvΦ(Rv)

.

Note that in (43), the inequality RvΦ(Rv) ≤ 1 follows from the definition of Φ(·) in Lemma 6.1. Plugging
(41) into the above inequality, we get that∑

v∈V :v ̸=r

IT (r, v) · degT (v)1/χ ≤
(
d2αr

)1/χ√
degT (r)

∞∑
h=1

(dκ)(h−1)/χ

(since dκ < 1) ≤ (d2αr)
1/χ
√
degT (r) ·

1

1− (dκ)1/χ(
by

1

2
<

1

χ
< 1

)
≤
(
d2αr degT (r)

)1/χ · 1

1− (dκ)1/χ

(by αr ≤ α) ≤ d2/χα1/χ

1− (dκ)1/χ
· degT (r)1/χ .
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The proposition follows by setting the parameter D = D(d, ||λ||∞) = d2/χ

1−(dκ)1/χ
.

We conclude the proof of Proposition 7.3 by showing that (41) is true. We prove (41) by induction on h.
The base case corresponds to h = 1. Let v1, v2, . . . , vk denote all free children of the root r, i.e., vi /∈ F .

Also, let Γ denote the set of all children of r. Consider the influence from r to a free child vi /∈ F . It is
standard to show that for the Hard-core model µT,λ we have that

IT (r, vi) =
Rvi

1 +Rvi

. (44)

Hence, we get that

IT (r, vi)
RviΦ(Rvi)

=

√
Rvi(Rvi + 1)

Rvi + 1
=

√
Rvi

Rvi + 1
≤ 1 .

The above implies that

∑
v∈L(1)\F

(
αv

αr

)1/χ IT (r, v)
RvΦ(Rv)

≤
∑k

i=1 α
1/χ
vi

α
1/χ
r

=

∑k
i=1 α

1/χ
vi

(1 + 1
d

∑
vj∈Γ αvj )

1/χ

(by {v1, v2, . . . , vk} ⊆ Γ ) ≤
∑k

i=1 α
1/χ
vi

(1 + 1
d

∑k
j=1 αvj )

1/χ

≤ d1/χ ·
∑k

i=1 α
1/χ
vi

(
∑k

j=1 αvj )
1/χ

.

Let q ≥ 1 be such that 1
q + 1

χ = 1. Note that q = χ
χ−1 , while, since χ ∈ (1, 2), we have that 1

q ≤ 1
2 . By

Hölder’s inequality, we get that

k∑
i=1

α1/χ
vi ≤ k1/q

(
k∑

i=1

αv

)1/χ

≤
√

degT (r)

(
k∑

i=1

αvi

)1/χ

.

This implies that

∑
v∈L(1)\F

(
αv

αr

)1/χ IT (r, v)
RvΦ(Rv)

≤ d1/χ
√
degT (r) · (dκ)0 .

The above proves the base of the induction.
We now focus on proving the induction step. For ℓ ≥ 1, suppose (41) is true for h = ℓ. We prove that

(41) is also true for h = ℓ+ 1.
For any free vertex v ∈ L(ℓ + 1) \ F , v’s father u ∈ L(ℓ) must be free (u /∈ F ) due to the definition of

F . For any u ∈ L(ℓ) \ F , let u1, u2, . . . , uk(u) denote the free children of the vertex u, where 0 ≤ k(u) ≤
degT (u).

From Lemma 7.2 we have that IT (r, ui) = IT (r, u) · IT (u, ui) for all [i] ∈ k(u). Hence, we get that

∑
v∈L(ℓ+1)\F

(
αv

αr

)1/χ IT (r, v)
RvΦ(Rv)

=
∑

u∈L(ℓ)\F

(
αu

αr

)1/χ IT (r, u)
RuΦ(Ru)

k(u)∑
i=1

(
αui

αu

)1/χ IT (u, ui)
RuiΦ(Rui)

RuΦ(Ru) .

(45)
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From (44), we have

k(u)∑
i=1

(
αui

αu

)1/χ IT (u, ui)
RuiΦ(Rui)

RuΦ(Ru) ≤
k(u)∑
i=1

(
αui

αu

)1/χ RuΦ(Ru)

(Rui + 1)Φ(Rui)

(by Hölder’s inequality) ≤

(∑k(u)
i=1 αui

αu

)1/χ
Φ(Ru)

q

k(u)∑
i=1

(
Ru

(Rui + 1)Φ(Rui)

)q
1/q

,

(46)

where q = (1− 1/χ)−1. Using the recursion in (40), Lemma 6.1 and the definition of κ in (42), we have(
Φ(Ru)

q
∑k(u)

i=1

(
Ru

(Rui+1)Φ(Rui )

)q)1/q
≤ κ1/χ .

Plugging the above into (46) we get that

k(u)∑
i=1

(
αui

αu

)1/χ IT (u, ui)
RuiΦ(Rui)

RuΦ(Ru) ≤

(∑k(u)
i=1 αui

αu

)1/χ

κ1/χ ≤ (dκ)1/χ , (47)

where the last inequality holds since

αu = 1 +
1

d

∑
w:w is a child of u

αw ≥ 1

d

k(u)∑
i=1

αui .

Plugging (47) into (45) we get that∑
v∈L(ℓ+1)\F

(
αv

αr

)1/χ IT (r, v)
RvΦ(Rv)

≤ (dκ)1/χ
∑

u∈L(ℓ)\F

(
αu

αr

)1/χ IT (r, u)
RuΦ(Ru)

≤ d1/χ
√
degT (r)(dκ)

ℓ/χ .

This proves the induction step and concludes the proof (41).
The proposition follows. 2

8. MONOMER-DIMER MODEL - PROOF OF THEOREM 2.2

Let us first introduce the notion of line graph. Given a graph G = (V,E), we have the line graph L of G
such that each vertex in L is an edge in G and e, f ∈ E are adjancent in L if and only if e ∩ f ̸= ∅. Also
note that, if ∆ is the maximum degree in G, then the maximum degree in L is at most 2∆.

We use, here the standard observation that the Monomer-Dimer model with edge weight λ, on the graph
G = (V,E), corresponds to the Hard-core model on the line graph L with fugacity λ.

We often view the Monomer-Dimer model as a distribution over {±1}E , where for any X ∈ {±1}E , any
e ∈ E, Xe = +1 represents that e is in the matching and Xe = −1 represents that e is not in the matching.

Theorem 2.2 is a corollary of the following more general result.

Theorem 8.1. For any constants λ > 0, there exist two constants M1 =M1(λ),M2 =M2(λ) such that for
any graph G = (V,E) with n vertices, maximum degree ∆ ≥ 2 and m ≥ 106(1 + λ + 1/λ)3∆3/2 edges
the following is true:

Let µG be the Monomer-Dimer model on G with edge weight λ. Then the Glauber dynamics on µG
exhibits mixing time such that

Tmix ≤ (M1∆)M2

√
∆n log n.
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Specifically, Theorem 8.1 implies Theorem 2.2 because with probability 1 − o(1) over the instances of
G(n, d/n), the maximum degree is ∆ = Θ( logn

log logn) (e.g. see Lemma B.1), while the number of edges is
Θ(n) = ω(∆3/2). Note that the bound on the number of edges is a simple application of Chernoff’s bound.
Using Theorem 8.1, we know that with probability 1− o(1) over the instances of G(n, d/n),

Tmix ≤ n
1+C

√
log logn
logn ,

for some constant C depending only on λ and d.
From now on, our focus shifts to proving Theorem 8.1. As in the case of the Hard-core model, we

consider the more general non-homogenous version of the Monomer-Dimer model. That is, consider the
graph G = (V,E) and let λ = (λe)e∈E ∈ RE

≥0 be an assignment of weight to each edge of the graph G.
Let µλ be the distribution over all matchings σ such that µλ(σ) ∝

∏
e∈E:σ(e)=+1 λe.

We have the following result, which can be derived directly from [BGK+07, CLV21].

Lemma 8.2. For any graph G = (V,E) with the maximum degree ∆, any edge weights λ = (λe)e∈E ∈
RE
≥0, the Gibbs distribution of Monomer-Dimer model specified byG and λ is

(
2
√
1 + ||λ||∞∆

)
-spectrally

independent.

Theorem 6.1 in [CLV21] is identical to Lemma 8.2 with the only difference that it is for homogenous
edge weights, i.e. λe = λ for all e ∈ E. One can extend this theorem and obtain Lemma 8.2 by combining
the spectral independence analysis in [CLV21] and the correlation decay analysis in [BGK+07].

Furthermore, we have the following corollary about Complete Spectral Independence.

Corollary 8.3. For any constant λ > 0 and any graph G = (V,E) with n vertices and maximum degree
∆ ≥ 2, the following is true:

Let µ be the Monomer-Dimer model onGwith edge weight λ. Then, there exists a constantK = 4
√
1 + λ

such that µG is (η, ξ)-completely spectrally independent for

η ≤ K
√
∆ and ξ = 1.

Proof. Consider µλ, the non-homogenous Monomer-Dimer model on G with edge weights λ ∈ (0, λ(1 +
ξ)]E . It suffices to show that µλ is spectrally independent with parameter η. Using Lemma 8.2 we have that
µλ is

(
2
√

1 + ||λ||∞∆
)
-spectrally independent. Hence, we have that

2
√
1 + ||λ||∞∆ = 2

√
1 + λ(1 + ξ)∆ = 2

√
1 + 2λ∆ ≤ K

√
∆ .

□

We also derive marginal stability results.

Theorem 8.4 (Stability Monomer-dimer Model). For any constant λ > 0, for the graph G = (V,E) with
n vertices and maximum degree ∆ ≥ 2, let µ be of the Monomer-Dimer model on G with edge weight λ.
Then, we have that µ is (λ+ 2)3∆2-marginally stable.

Proof. Let ζ = (λ+ 2)3∆2. For Λ ⊆ E, a feasible configuration τ ∈ {±}Λ and e ∈ E \ Λ, let the ratio of
Gibbs marginals at e

RΛ,τ
G (e) =

µΛ,τe (+1)

µΛ,τe (−1)
. (48)

Recall that for marginal stability, we need to have that for any S ⊆ Λ,

RΛ,τ
G (e) ≤ ζ and RΛ,τ

G (e) ≤ ζ ·RS,τS
G (e) . (49)

The first bound is easy because RΛ,τ
G (e) ≤ µΛ,τe (+1) ≤ λ

1+λ ≤ ζ. We focus on the second one.
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Suppose that e = {u,w}. Let Nu (resp. Nw) be the set of edges incident to u (resp. w) except for the
edge e. We may assume that none of the edges in Nu ∪Nv is set to be +1 by τ , as otherwise RΛ,τ

G (e) = 0
and (49) holds trivially.

Next, we proceed to derive a lower bound for µS,τSe (+1). Let the set Fu = Nu \ S and Fw = Nw \ S.
Also, let Fe = Fu ∪ Fw. We call Fe the set of free edges, since it corresponds the set of edges that are not
fixed under τS .

Letting σ be distributed as in µS,τSE\S , we have

µS,τSe (+1) ≥
(

λ

1 + λ

)
· Pr[∀f ∈ Fe, σ(f) = −1] . (50)

We use Ω to denote the support of µS,τSE\S . We partition Ω into two parts

Ω− = {σ ∈ Ω | ∀f ∈ Fe, σ(f) = −1}
Ω+ = {σ ∈ Ω | ∃f ∈ Fe, σ(f) = +1} .

For the moment, assume that Ω+ ̸= ∅, i.e., the set is non-empty.
For a configuration σ ∈ Ω+, note there can be at most two edges f, f ′ ∈ Fe such σ(f) = σ(f ′) = 1.

Hence, the number of edges in Fe that are set to +1, under σ, is at least 1 and at most 2. Furthermore, since
σ is a matching, if there are two edges f, f ′ ∈ Fe such σ(f) = σ(f ′) = 1, these must be in different sets,
e.g., f ∈ Fu and f ′ ∈ Fw.

For σ ∈ Ω+, let η ∈ Ω− be a configuration that agrees with σ on the assignment of the edges outside Fe.
Note that, since η ∈ Ω−, we have η(f) = −1 for all f ∈ Fe.

Furthermore, noting that η and σ differ only on the configuration of at most two edges, we have that

µS,τSE\S(η) ≥
µS,τSE\S(σ)

max{λ2, 1}
≥
µS,τSE\S(σ)

1 + λ2
. (51)

Finally, we note that σ can be uniquely specified by η and the edges in Fe at which the two configurations
disagree, i.e., recall that we assumed that σ, τ disagree only at Fe. Hence, using (51), we have that∑

η∈Ω−
µS,τSE\S(η)∑

τ∈Ω+
µS,τSE\S(τ)

≥ 1

(1 + λ2)(|Fu|+ 1)× (|Fw|+ 1)
≥ 1

(1 + λ2)∆2
.

The above implies the following: for Ω+ ̸= ∅, we have that

Pr[∀f ∈ Fe, σ(f) = −1] ≥
(

1

1 + (1 + λ2)∆2

)
, (52)

where recall that σ be distributed as in µS,τSE\S . Furthermore, for the case where Ω+ = ∅ it is immediate that
Pr[∀f ∈ Fe, σ(f) = −1] = 1.

Hence, we have that

µS,τSe (+1) ≥
(

λ

1 + λ

)
· Pr[∀f ∈ Fe, σ(f) = −1] ≥

(
λ

1 + λ

)
·
(

1

1 + (1 + λ2)∆2

)
.

Since RΛ,τ
G (e) is increasing in the value of µS,τSe (+1), we use the above to get that

RS,τS
G (e) ≥

(
λ

1+λ

)
·
(

1
1+(1+λ2)∆2

)
1−

(
λ

1+λ

)
·
(

1
1+(1+λ2)∆2

) ≥

(
λ

1+λ

)
·
(

1
1+(1+λ2)∆2

)
1−

(
λ

1+λ

)
·
(

1
1+(1+λ2)∆2

) ·
RΛ,τ

G (e)

λ
.

In the second inequality we use the fact that RΛ,τ
G (e) ≤ λ.
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The second inequality in (49) can be proved from the above and noting that

1−
(

λ
1+λ

)
·
(

1
1+(1+λ2)∆2

)
(

λ
1+λ

)
·
(

1
1+(1+λ2)∆2

) · λ ≤ ζ = (λ+ 2)3∆2. □

This concludes the proof of Theorem 8.4.

Finally, we have the following bound on the approximate tensorisation of entropy.

Lemma 8.5. Consider the Gibbs distribution µ of the Monomer-dimer model specified by G = (V,E) and
edge weight λ > 0. For any k ≥ 1 and H ⊆ E such that |H| = k, any feasible pinning τ ∈ {±}E\H , the
conditional distribution µE\H,τ

H satisfies the approximate tensorization of entropy with constant

AT(k) ≤ 2k2 (1 + λ+ 1/λ)2k+2 .

Similarly to what we have for Theorem 8.4, Lemma 8.5 follows directly from Lemma 3.4 (i.e., the first
bound) by utilising the connection between the Monomer-Dimer model on G and the Hard-core model on
its line graph L. For this reason, we omit the proof of Lemma 8.5.

We are now ready to prove Theorem 8.1.

Proof of Theorem 8.1 . We set the parameters

η = 4
√
1 + λ ·

√
∆, ξ = 1, ζ = (λ+ 2)3∆2 .

By Corollary 8.3 and Theorem 8.4, the Gibbs distribution µ is (η, ξ)-completely spectrally independent
and ζ-marginally stable. Set the parameter

α = min

{
1

2η
,

log(1 + ξ)

log(1 + ξ) + log 2ζ

}
.

It is elementary calculations to verify that

1

α
≤ 100(1 + λ)

√
∆ .

Let m = |E| and set ℓ = ⌈θm⌉, where

θ =
1

400e∆(1 + λ+ 1/λ)2
. (53)

Since we assumed that m ≥ 106(1 + λ + 1/λ)3∆3/2, it holds that 1/α ≤ ℓ < m. By Theorem 4.7, the
Gibbs distribution µ satisfies the ℓ block factorisation of entropy with parameter

C =
(em
ℓ

)1+1/α
≤
(e
θ

)1+1/α
≤ 1

2
(A∆)B

√
∆ , (54)

for some constants A = A(λ) and B = B(λ).
Let Ω denote the support of µ. For any f : Ω → R>0 we have that

Entµ(f) ≤
C(
m
ℓ

) ∑
S∈(Eℓ )

µ (EntS(f)) ,

where C is the parameter in (54), while recall that m = |E|.
We need to consider the subgraph induced by subset of edges S. For any S ⊆ E, let C(S) denotes the

set of connected components in G(V, S) which contains at least one edge. With a slight abuse of notation,
we use U ∈ C(S) to denote the set of edges in the component U .
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By the conditional independence property of the Gibbs distribution and Lemma 3.3, we have

Entµ(f) ≤
C(
m
ℓ

) ∑
S∈(Eℓ )

∑
U∈C(S)

µ (EntU (f))

(by Lemma 8.5 ) ≤ C(
m
ℓ

) ∑
S∈(Eℓ )

∑
U∈C(S)

AT(|U |)
∑
e∈U

µ[Ente(f)]

≤ C
∑
e∈E

µ[Ente(f)]
∑
k≥1

AT(k) Pr[|Ce| = k]

≤ C
∑
e∈E

µ[Ente(f)]
∑
k≥1

(
2k2 (1 + λ+ 1/λ)2k+2

)
Pr[|Ce| = k] ,

where Ce is the connected component in G(V, S) containing e, while S is sampled from
(
E
ℓ

)
uniformly at

random. At this point we need to bound the probability term Pr[|Ce| = k].
Consider the line graph L of G. Note that the maximum degree ∆L of L is at most 2∆. Furthermore, let

ve denote the vertex in L that corresponds to the edge e in G.
Suppose we sample ℓ vertices Ŝ uniformly at random from graph L. Let C(ve) the component in L[Ŝ]

that includes vertex ve. Then, it is straightforward that the probability Pr[|Ce| = k] is equal to the proba-
bility Pr[|C(ve)| = k]. Recall that Pr[|Ce| = k] refers to choosing uniformly random edges from G and
Pr[|C(ve)| = k] refers to choosing uniformly at random vertices from L.

From [CLV21, Lemma 4.3], we have

Pr[|Ce| = k] = Pr[|C(ve)| = k] ≤ ℓ

m
(2e∆Lθ)

k−1 ≤ ℓ

m
(4e∆θ)k−1

≤
(

1

100(1 + λ+ 1/λ)2

)k−1

,

the last inequality follows from that ℓ = ⌈θm⌉ for θ defined in (53). The above implies that

Entµ(f) ≤ C
∑
e∈E

µ[Ente(f)]
∑
k≥1

(
2k2 (1 + λ+ 1/λ)2k+2

)( 1

100(1 + λ+ 1/λ)2

)k−1

≤ (A∆)B
√
∆
∑
e∈E

µ[Ente(f)],

where the last inequality holds by (54). Note that m ≤ n∆. We have

Tmix ≤
⌈
(A∆)B

√
∆m

(
log log

1

µmin
+ log(2) + 2

)⌉
≤ (M1∆)M2

√
∆n log n,

where M1 =M1(λ) and M2 =M2(λ) are two constants depending only on λ. □
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APPENDIX A. BOUNDS ON SPECTRAL GAP FROM SPECTRAL INDEPENDENCE

Let µ = µG be a Gibbs distribution on graph G = (V,E) with support Ω ⊆ {±1}V . Let P denote the
transition matrix of the Glauber dynamics on µG. It is well-known that P has non-negative real eigenvalues
1 = λ1 ≥ λ2 ≥ . . . λ|Ω| ≥ 0. The spectral gap of P is defined by 1 − λ2. We have the following relation
between spectral independence and spectral gap.

Lemma A.1 ([FGYZ21b, Theorem 3.2]). Let η ≥ 0 and 0 ≤ φ < 1 be two parameters. Let G = (V,E)
be a graph with n = |V | vertices. Support the Gibbs distribution µG on G = (V,E) satisfies that for every
0 ≤ k ≤ n− 2, Λ ⊆ V of size k and feasible configuration τ ∈ {±1}Λ,

ρ(|IΛ,τ
G |) ≤ η and ρ(|IΛ,τ

G |) ≤ φ

n− k − 1
.

The spectral gap of Glauber dynamics on µG is at least

1− λ2 ≥
(1− φ)2+2η

n1+2η
.

APPENDIX B. STRUCTURAL PROPERTIES OF G(n, p)

Lemma B.1. For real numbers d > 0 and ϵ > 0, let∆ be the maximum degree of the graph G ∼ G(n, d/n).
Then the following is true: With probability 1− o(1) the graph G satisfies that

(1− ϵ)
log n

log logn
≤ ∆ ≤ (1 + ϵ)

log n

log logn
.

The above result is standard to derive, using the first and second moment method.
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